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The pion-photon transition form factor

Theoretically simplest hadronic matrix element:

〈π(p)|jem
µ |γ(p′)〉= g2

em εµναβ qα pβ
ε

ν (p′)F
γ∗γ→π0 (Q2) .

I Related to the axial anomaly at Q2 ≡−(p−p′)2 = 0.

I Golden channel to understand the QCD dynamics.

I e+e− collisions:

Pion-photon transition form factor

∫
d4y eiq1y〈π0(p)|T{jem

µ (y)jem
ν (0)}|0〉 = ie2εµναβqα1 qβ2 Fγ∗γ∗→π0 (q2

1 , q2
2 )
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Figure: The pion-photon transition form factor from e+e− collisions.

here:

q2
1 = −Q2 < 0 , q2

2 → 0

V. M. Braun (Regensburg) The γ∗γ → π
0 form factor in QCD Trento, October 2010 2 / 25
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The BaBar puzzle
Status of experimental measurements:
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Scaling violation?

Shape of pion wave function?

The onset of QCD factorization?

Asymptotic limit:

Introduction: The BaBar Puzzle

Good Old Times
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asymptotic limit from handbag diagram

π −→ lim
Q2→∞

Q2 Fπγγ∗ (Q2) = 2 fπ

Brodsky, Lepage

collinear QCD seemed to describe main part of FF

asymptotic regime reached for Q2 ∼ few GeV2 ?

Nils Offen (Universität Regensburg) The BaBar Puzzle Orsay 17.11.11 4 / 30

QCD factorization works perfectly.
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Some popular explanations:
Non-vanishing pion wave function at the end points (Radyushkin, 2009; Polyakov, 2009).

F(Q2) =

√
2

3

∫ 1

0

ϕπ (x)
xQ2

1− exp
(
− xQ2

2x̄σ

)
︸ ︷︷ ︸

 .

⇑
from kT dependence of pion wave function

Large soft corrections at moderate Q2 (Agaev, Braun, Offen, Porkert, 2011).
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FIG. 9: The pion transition form factor for the three models of
the pion DA specified in the text. The experimental data are
from [1] (full circles) and [9] (open triangles).

[14, 20], the result for the form factor at Q2 = 5 GeV2

is increased by ∼ 11% if M2 is changed from 0.7 to
1.5 GeV2. Another reason is that in [14, 20, 22] the twist-
6 correction is not included. The size of this correction
depends strongly on the Borel parameter. For our choice
M2 ∼ 1.5±0.5 GeV2 the twist-6 term proves to be small:
factor three smaller that the twist-4 correction (see be-
low), which is gratifying as it signals convergence of the
OPE. In contrast, at M2 = 0.7 GeV2 the twist-6 correc-
tion is almost of the same size as twist 4 and has opposite
sign. Hence it must be included. In both cases (increas-
ing the Borel parameter and/or including the twist-6 cor-
rection) the net effect is the increase of the form factor by
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FIG. 10: Contributions to the π0γ∗γ form factor from large
(“hard”) and small (“soft”) invariant masses in the dispersion
representation, cf. Eq. (53), for model I (solid curves) and
model III (dash-dotted curves). The experimental data are
from [1] (full circles) and [9] (open triangles).

5-10% in the CLEO range which has to be compensated
by a smaller value of the second Gegenbauer moment.

The error band indicated by thickness of the curves
in Fig. 9 has to be taken with caution. A weak scale
dependence of our results is largely due to strong can-
cellations of the NLO radiative corrections between the
contributions of the asymptotic DA and higher Gegen-
bauer polynomials and may not be representative for the
size of NNLO corrections which are only known in the
CS factorization scheme, see [33] for a detailed discus-
sion of the related ambiguities. Also the uncertainty in
the twist-4 contribution is not reduced to the δ2π param-
eter: Using an alternative, renormalon model [71] of the
twist-4 pion DA generally produces somewhat larger cor-
rections. We have checked that the difference is not very
significant, however, and does not affect any of our con-
clusions. Hence we do not show the corresponding re-
sults.

The “hard” and “soft” contributions to the π0γ∗γ form
factor as defined in Eq. (53) are shown separately for
model I (solid curves) and model III (dash-dotted curves)
in Fig. 10. Asymptotically, for Q2 → ∞, the soft con-
tribution is power-suppressed compared to the hard one,
∼ s0/Q

2. This suppression sets in for very large values of
Q2, however, especially if the pion DA is enhanced close
to the end points. E.g. for our model III the soft con-
tribution still accounts for ca. 25% of the form factor at
Q2 = 30 GeV2 (for the separation scale s0 = 1.5 GeV2).
This means that a purely perturbative leading twist QCD
calculation of the transition form factor for one real pho-
ton in collinear factorization should not be expected to
have high accuracy. A lattice calculation of the transi-
tion πργ∗ form factor at Q2 ∼ 2 − 5 GeV2 would help to
estimate the contribution of the resonance region more
reliably.

Finally, in Fig. 11 we show the higher-twist contribu-
tions. The twist-4 correction is negative and the twist-6
one is positive. It turns out that the twist-6 contribu-

The “hard” and “soft” contributions
to the π

0
γ
∗
γ form factor for model

I (solid curves) and model III (dash-
dotted curves). The experimental
data are from BaBar (full circles) and
CLEO (open triangles).

Threshold resummation generates power-like [x(1− x)]c(Q
2) distribution (Li and Mishima 2009).

c(Q2) is around 1 for low Q2, but small for high Q2.
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The general picture

Schematic structure of the distinct mechanisms (Agaev, Braun, Offen, Porkert, 2011):


�

�T 0H
b)


�

�TH
a)

 �
�

S)
A: hard subgraph that includes both photon vertices

1
Q2 +

1
Q4 + ...

B: real photon emission at large distances
1

Q4 + ...

C: Feynman mechanism: soft quark spectator
1

Q4 + ...

Operator definitions of different terms needed for an unambiguous classification.
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Region A: Leading Twist Contribution

QCD factorization formula:

FLP
γ∗γ→π0 (Q2) =

√
2(Q2

u−Q2
d) fπ

Q2

∫ 1

0
dxT∆(x,Q2,µ)φ

∆
π (x,µ) .

I Renormalization-scheme dependence due to the IR subtraction.
⇒ Verify scheme independence of F

γ∗γ→π0 at NLO (this talk).

I NLO hard function in the NDR scheme (Braaten 1983 + many others):

T(1) =
αs CF

4π

{
1
x̄

[
−(2 ln x̄+3) ln

µ2

Q2 + ln2 x̄+(−1)
x̄ ln x̄

x
−9
]
+(x↔ x̄)

}
.

I Twist-2 pion DA (collinear matrix element):

〈π(p)|ξ̄ (y)Wc(y,0)γµ γ5 ξ (0)|0〉=−i fπ pµ

∫ 1

0
dueiup·y

φπ (u,µ)+O(y2) .

The ERBL evolution implies Gegenbauer expansion.
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Region A: Twist-4 Contribution

Subleading power correction at O(1/Q4):


�

a)
�


�

b)
�


�

)
�


�

d)
�

QCD factorization at tree level (Khodjamirian, 1999):

FLP
γ∗γ→π0 (Q2) =

√
2 (Q2

u−Q2
d) fπ

Q2

[∫ 1

0
dx

φπ (x)
x
− 80

9
δ 2

π

Q2

]
, δ

2
π ' 0.2GeV2 .

I Asymptotic twist-4 contribution.
I Two-particle and three-particle twist-4 corrections related by the EOM.
I Four-particle twist-4 correction not included and assumed to be tiny.
I Asymptotic NLO twist-4 at NLO for future.
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Region B: Photon emission at large distances
Hadronic photon correction:

Collinear Factorisation

Region B: Photon Emission From Large Distances
hard scattering kernel convoluted with twist three pion and photon DA

π γ π γ

results in

F (B)

γ∗γ→π0(Q
2) =

√
2fπ
3

16παsχ〈q̄q〉2

9f 2
πQ4

Z 1

0
dx

φp
3;π(x)

x

Z 1

0
dy

φγ(y)

ȳ2

infrared divergent −→ overlap with region C

regularised result

Fγ∗γ→π0(Q2) =

√
2fπ

Q2

„
1
3

Z
dx
x

φπ(x) +
0.2 GeV2

Q2
· ln2 Q2

µ2
IR

«

might be significant up to Q2 ∼ 5 GeV2

Nils Offen (Universität Regensburg) The BaBar Puzzle Orsay 17.11.11 10 / 30

QCD factorization at tree level:

FLP
γ∗γ→π0 (Q2) =

√
2 (Q2

u−Q2
d) fπ

Q2
16π αs χ(µ)〈q̄q〉2

9 f 2
π Q2

∫ 1

0
dx

φ
p
3;π (x)

x

∫ 1

0
dy

φγ (y)
ȳ2 .

Breakdown of QCD factorization due to rapidity singularities.

QCD calculation of the hadronic photon effect beyond the VMD approximation.

⇒ The NLL LCSRs for the long-distance photon effect (this talk).

⇒ QCD factorization for the correlation function with a pseudoscalar current.

⇒ γ5 prescription in dimensional regularization.

Yu-Ming Wang (NK) π
0
γ
∗
γ Hefei, 16. 11. 2018 8/30



Part I: Leading twist contribution
Tree diagrams:

x p

x̄ p

ν

µ

q

p′

x p

x̄ p

µ

ν

q

p′

Kinematics:
p′µ =

n ·p′
2︸ ︷︷ ︸ n̄µ , pµ =

n̄ ·p
2︸︷︷︸ nµ +

n ·p
2︸︷︷︸ n̄µ .

O(
√

Q2) O(
√

Q2) O(Λ2/
√

Q2)

The four-point partonic matrix element at LO:

Πµ = 〈q(xp) q̄(x̄ p)|jem
µ |γ(p′)〉

= − ig2
em (Q2

u−Q2
d)

2
√

2 n ·p
ε

ν (p′)

{[
ū(xp)γµ,⊥ /̄n γν ,⊥ v(x̄ p)

]
x̄

−
[
ū(xp)γν ,⊥ /̄n γµ,⊥ v(x̄ p)

]
x

}
+O(α2

s ) .

QCD matrix element free of the γ5 ambiguity, however not the IR subtraction.
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Twist-2 factorization at tree level
Operator matching automatically:

Π
(0)
µ =− ig2

em (Q2
u−Q2

d)

2
√

2 n ·p
ε

ν (p′)
[

1
x̄′
∗ 〈OA,µν (x,x′)〉(0)−

1
x′
∗ 〈OB,µν (x,x′)〉(0)

]
.

Collinear operators in the momentum space:

Oj,µν (x′) =
n̄ ·p
2π

∫
dτ ei x′ τ n̄·p

ξ̄ (τ n̄)Wc(τ n̄,0)Γj,µν ξ (0) .

ΓA,µν = γµ,⊥ /̄n γν ,⊥ , ΓB,µν = γν ,⊥ /̄n γµ,⊥ .

Matrix elements of the collinear operators:

〈Oj,µν (x,x′)〉 ≡ 〈q(xp) q̄(x̄ p)|Oj,µν (x′)|0〉= ξ̄ (xp)Γj,µν ξ (x̄ p) δ (x− x′)+O(αs) .

Operator matching with the collinear operator defining the standard pion DA:

OA,µν = −
(
O1,µν +O2,µν +OE,µν

)
, OB,µν =−

(
O1,µν −O2,µν −OE,µν

)
.

Γ1,µν︸ ︷︷ ︸ = g⊥µν /̄n , Γ2,µν = iε
⊥
µν /̄nγ5 , ΓE,µν︸ ︷︷ ︸= /̄n

(
[γµ,⊥,γν ,⊥]

2
− iε

⊥
µν /̄nγ5

)
.

wrong projector evanescent operator
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Twist-2 factorization at tree level

Operator matching with the evanescent operator:

Πµ =

[
ig2

em (Q2
u−Q2

d)

2
√

2 n ·p
ε

ν (p′)
]

∑
i

Ti(x′) ∗ 〈Oi,µν (x,x′)〉 .

Expansion ⇓ at tree level

T(0)
1 (x′) =

1
x′
− 1

x̄′
, T(0)

2 (x′) = T(0)
E (x′) =

1
x′

+
1
x̄′
.

Hard-collinear factorization at tree level:

FLP
γ∗γ→π0 (Q2) =

√
2(Q2

u−Q2
d) fπ

Q2

∫ 1

0
dxT(0)

2 (x)φπ (x,µ)+O(αs) .

Evanescent operator does not mix into the physical operator at LO.

⇒ Trivial IR subtraction here.
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Twist-2 factorization at NLO
The four-point partonic matrix element at NLO:

Extracting the hard contribution with the method of regions:

Π
(1)
µ =

ig2
em (Q2

u−Q2
d)

2
√

2 n ·p
ε

ν (p′)〈O2,µν (x,x′)〉(0) ∗ A(1)
2,hard(x

′)+ ... .

A(1)
2,hard(x

′) =
αs CF

4π

{
1
x̄′

[
−
(
2 ln x̄′+3

) ( 1
ε
+ ln

µ2

Q2

)
+ ln2 x̄′+7

x̄′ ln x̄′

x′
−9
]
+
(
x′↔ x̄′

)}
.

Only the hard and collinear regions relevant at leading power in 1/Q2.
Independent of the γ5 prescription!

However the IR subtraction is not trivial any longer due to the operator mixing.
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Twist-2 factorization at NLO
Expanding the matching equation at NLO:[

ig2
em (Q2

u−Q2
d)

2
√

2 n ·p
ε

ν (p′)
]

∑
i

A(1)
i (x′) ∗ 〈Oi,µν (x,x′)〉(0)

=

[
ig2

em (Q2
u−Q2

d)

2
√

2 n ·p
ε

ν (p′)
]

∑
i

[
T(1)

i (x′)∗ 〈Oi,µν (x,x′)〉(0)+T(0)
i (x′)∗ 〈Oi,µν (x,x′)〉(1)

]
.

One-loop renormalized matrix elements of collinear operators:

〈Oi,µν 〉(1) = ∑
j

[
M(1)R

ij,bare +Z(1)
ij

]
∗ 〈Oj,µν 〉(0) .

Vanishing bare matrix element M(1)R
ij,bare in dimensional regularization⇒

T(1)
2 = A(1)

2 −∑
i

T(0)
i ∗Z(1)

i2 = A(1)
2 −T(0)

2 ∗Z(1)
22︸ ︷︷ ︸−T(0)

E ∗ Z(1)
E2︸︷︷︸ .

A(1)
2,hard operator mixing

The IR finite matrix element of the evanescent operator vanishes (Dugan and Grinstein, 1991).

Z(1)
E2 =−M(1)off

E2 .

IR singularities regularized by any parameter other than the dimensions of spacetime.
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Twist-2 factorization at NLO
Master formula for the hard function:

T(1)
2 = A(1)

2 −T(0)
2 ∗Z(1)

22 +T(0)
E ∗M(1)off

E2 = A(1)
2,hard +T(0)

E ∗M(1)off
E2 .

The IR subtraction:

γ5-scheme dependent subtraction term:

T(0)
E ∗M(1)off

E2

∣∣
NDR =

αs CF

2π
(−4)

(
ln x̄′

x′
+

lnx′

x̄′

)
.

T(0)
E ∗M(1)off

E2

∣∣
HV = 0 .

M(1)off
E2 proportional to the spin-dependent term of the Brodsky-Lepage evolution kernel.

A simple example : γα /̄nγ5 γ
α = /̄nγ5


D−2 , [NDR scheme]

6−D . [HV scheme]
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Twist-2 factorization at NLO
The NLO hard matching coefficient:

T(1)
2 (x′,µ) =

αs CF

4π

{
1
x̄′

[
−
(
2 ln x̄′+3

)
ln

µ2

Q2 + ln2 x̄′+δ
x̄′ ln x̄′

x′
−9
]
+
(
x′↔ x̄′

)}
.

δ =−1 in NDR scheme and δ =+7 in HV scheme.

The NLO factorization formula:

FLP
γ∗γ→π0 (Q2) =

√
2(Q2

u−Q2
d) fπ

Q2

∫ 1

0
dx
[
T(0)

2 (x)+T(1),∆
2 (x,µ)

]
φ

∆
π (x,µ)+O(α2

s ) .

Scheme dependence of the pion DA (Melic, Nizic and Passek, 2002):

φ
HV
π (x,µ) =

∫ 1

0
dyZ−1

HV(x,y,µ)φ
NDR
π (y,µ) ,

Z−1
HV(x,y,µ) = δ (x− y)+

αs CF

2π
4
[

x
y

θ(y− x)+
x̄
ȳ

θ(x− y)
]
+O(α2

s ) .

⇓∫ 1

0
dxT(0)

2 (x)
[
φ

HV
π (x,µ)−φ

NDR
π (x,µ)

]
=

αs CF

2π
(−4)

∫ 1

0
dy
(

ln ȳ
y

+
lny
ȳ

)
φ

NDR
π (x,µ)+O(α2

s ) .

⇒ Scheme independence of F
γ∗γ→π0 at NLO.
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Twist-2 factorization at NLL
RG evolution of the pion LCDA:

µ
2 d

dµ2 φπ (x,µ) =
∫ 1

0
dyV(x,y)φπ (y,µ) , V(x,y) = ∑

n=0

(
αs

4π

)n+1
[Vn(x,y)]+ .

V0(x,y) = 2CF

[
1− x
1− y

(
1+

1
x− y

)
θ(x− y)+

x
y

(
1+

1
y− x

)
θ(y− x)

]
.

Multiplicative renormalization at LO:

φπ (x,µ) = 6x x̄
∞

∑
n=0

(
αs(µ)

αs(µ0)

)γ
(0)
V,n/(2β0)

an(µ0) C3/2
n (2x−1) , a0(µ) = 1 .

NLL resummation needs two-loop evolution kernel (Mikhailov and Radyushkin, 1985; etc):

V1(x,y) = 2Nf CF VN(x,y)+2CF CA VG(x,y)+C2
F VF(x,y) .

Triangular evolution matrix (Müller, 1994/1995 + many others):

an(µ) = ENLO
V,n (µ,µ0)an(µ0)+

αs(µ)

4π

n−2

∑
k=0

ELO
V,n(µ,µ0)dk

V,n(µ,µ0)ak(µ0) .

Construction from the forward anomalous dimensions and the special conformal anomaly matrix.
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Twist-2 factorization at NLL
NLL resummation improved factorization formula:

FLP
γ∗γ→π0 (Q2) =

3
√

2(Q2
u−Q2

d)

Q2 fπ
∞

∑
n=0

an(µ)Cn(Q2,µ)+O(α2
s ) .

NNLO hard kernel in the large β0 limit (Melic, Müller and Passek-Kumericki, 2003).

Generating function of the Gegenbauer polynomials:

1
(1−2x t+ t2)α

= ∑
n=0

C(α)
n (x) tn .

The NLO hard coefficients:

Cn(Q2,µ) = 1+
αs(µ)CF

4π

{[
4Hn+1−

3n(n+3)+8
(n+1)(n+2)

]
ln

µ2

Q2 + 4H2
n+1−4

Hn+1 +1
(n+1)(n+2)

+2
[

1
(n+1)2 +

1
(n+2)2

]
+ 3

[
1

(n+1)
− 1

(n+2)

]
−9
}
.
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Part II: Hadronic photon effect
Breakdown of the direct QCD factorization for the long-distance photon effect
⇒ Construct the sum rules for the hadronic photon correction.

Correlation function:

Gµ (p′,q) =
∫

d4ze−iq·z 〈0|T
{

jem
µ,⊥(z), jπ (0)

}
|γ(p′)〉 =−g2

em εµναβ qα p′β εν (p′)G(p2,Q2) .

jπ =
1√
2

(
ūγ5 u− d̄ γ5 d

)
, p2 = (p′+q)2 .

Explicit dependence on γ5 ⇒ scheme dependence of the QCD amplitude.

Task: QCD factorization for the transition form factor G(p2,Q2) at NLL.
Power counting rule:

|n ·p| ∼ n̄ ·p∼ n ·p′ ∼ O(
√

Q2) .
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Hadronic photon effect at tree level
Tree diagrams:

q p

µ γ5

x p′ x̄ p′x p′ x̄ p′

q p

γ5 µ

p for the four-momentum of the pion current and q for the transfer momentum.

The four-point QCD amplitude at LO:

Π̃µ =
∫

d4ze−iq·z 〈0|T
{

jem
µ,⊥(z), jπ (0)

}
|q(xp′) q̄(x̄ p′)〉

= − igem

2
√

2
n̄ ·p
Q2

[
1

xr+ x̄
+

1
x̄ r+ x

]
∑

q=u ,d
ηq Qq q̄(x̄ p′)γ5 /n γµ,⊥ q(xp′) ,

where r =−p2/Q2, ηu = 1 and ηd =−1.
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Hadronic photon effect at tree level
Operator matching automatically:

Π̃
(0)
µ =− igem

2
√

2
n̄ ·p
Q2 ∑

q=u ,d
ηq Qq

[
1

x′ r+ x̄′
+

1
x̄′ r+ x′

]
∗ 〈ÕA,µ (x,x′)〉(0) .

(Anti)-collinear operators in the momentum space:

Õj,µ (x′) =
n̄ ·p′
2π

∫
dτ ei x′ τ n̄·p′

χ̄(0)Wc̄(0,τn) Γ̃j,µ χ(τn) ,

Γ̃A,µ = γ5 /n γµ,⊥ .

Matrix element of the (anti)-collinear operators:

〈Õj,µ (x,x′)〉 ≡ 〈0|Õj,µ (x′)|q(xp′) q̄(x̄ p′)〉= χ̄(x̄ p′) Γ̃j,µ χ(xp′)δ (x− x′)+O(αs) .

Operator matching with the effective operator defining the photon DA:

ÕA,µ = Õ1,µ + ÕE,µ ,

Γ̃1,µ =
nα

2
ε
⊥
µναβ

σ
νβ , Γ̃E,µ︸︷︷︸= γ5/n γµ,⊥−

nα

2
ε
⊥
µναβ

σ
νβ .

evanescent operator
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Hadronic photon effect at tree level
Operator matching with the evanescent operator:

Π̃µ =− igem

2
√

2
n̄ ·p
Q2 ∑

q=u ,d
ηq Qq ∑

i
T̃i(x′) ∗ 〈Õi,µ (x,x′)〉 .

Expansion ⇓ at tree level

T̃(0)
1 (x′) = T̃(0)

E (x′) =
1

x′ r+ x̄′
+

1
x̄′ r+ x′

.

Leading twist photon DA (Ball, Braun and Kivel, 2002):

〈0|χ̄(0)Wc̄(0,y)σαβ χ(y)|γ(p′)〉

= igem Qq χ(µ)〈q̄q〉(µ)
[
p′

β
εα (p′)−p′α εβ (p

′)
] ∫ 1

0
due−iup′·y

φγ (u,µ) .

Hard-collinear factorization at LO:

G(p2,Q2) =−Q2
u−Q2

d√
2Q2

χ(µ)〈q̄q〉(µ)
∫ 1

0
dx T̃(0)

1 (x)φγ (x,µ)+O(αs) .

The tree-level LCSR:

FNLP
γ∗γ→π0 (Q2) =−

√
2
(
Q2

u−Q2
d
)

fπ µπ (µ)
χ(µ)〈q̄q〉(µ)

∫ 1

u0

du
u

exp
[
− ūQ2 +um2

π

uM2

]
φγ (u,µ)+ O(αs) .

Verify the power counting of the hadronic photon correction explicitly.
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Hadronic photon effect at NLO
The four-point partonic matrix element at NLO:

Extracting the hard contribution with the method of regions:

Π̃
(1)
µ =− igem

2
√

2
n̄ ·p
Q2 ∑

q=u ,d
ηq Qq 〈Õ1,µ (x,x′)〉(0) ∗ Ã1,hard(x′)+ ... .

Scheme dependent one-loop QCD amplitude:

Ã1,hard(x′)
∣∣
NDR =

αs CF

4π

{
1

x′ r+ x̄′

[
2

x′ x̄′ r̄

(((
x′ r− x̄′

)
ln(x′ r+ x̄′)− x′ r lnr

)
(

1
ε
+ ln

µ2

Q2 −
1
2

ln(x′ r+ x̄′)− 1
2

lnr
))

− 1
x′ r̄

(lnr+3) ln(x′ r+ x̄′)−3
]
+(x′↔ x̄′)

}
,

Ã1,hard(x′)
∣∣
HV = Ã1,hard(x′)

∣∣
NDR +

2αs CF

π
T̃(0)

1 (x′) .
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Hadronic photon effect at NLO
Repeating the IR subtraction procedure as before:

T̃(1)
1 = Ã(1)

1 − T̃(0)
1 ∗ Z̃(1)

11 + T̃(0)
E ∗ M̃(1)off

E1 = Ã(1)
1,hard + T̃(0)

E ∗ M̃(1)off
E1 .

The IR subtraction:

T̃(0)
E ∗ M̃(1)off

E1

∣∣
NDR = 0+O(α2

s ) , T̃(0)
E ∗ M̃(1)off

E1

∣∣
HV = O(ε αs) .

⇓

T̃(1)
1 = Ã(1)

1,hard , for both NDR and HV .

Finite renormalization constant ZP
HV(µ) for the HV scheme (Larin, 1993):

ZP
HV(µ) = 1− 2αs(µ)CF

π
+O(α2

s ) .

⇓

ZP
HV(µ)

[
T̃(0)

1 (x′)+ T̃(1)
1 (x′,µ)

]
HV

=
[
T̃(0)

1 (x′)+ T̃(1)
1 (x′,µ)

]
NDR

A non-trivial check of our results. Also reproduce H→ J/ψ γ in the r→ ∞ limit.
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Hadronic photon effect at NLL
The NLO factorization formula:

G(p2,Q2) =−Q2
u−Q2

d√
2Q2

χ(µ)〈q̄q〉(µ)
∫ 1

0
dx
[
T̃(0)

1 (x)+ T̃(1)
1 (x,µ)

]
NDR

φγ (x,µ)+O(α2
s ) .

RG evolution of the photon LCDA (Lepage and Brodsky, 1979):

µ
2 d

dµ2

[
χ(µ)〈q̄q〉(µ)φγ (x,µ)

]
=
∫ 1

0
dyṼ(x,y)

[
χ(µ)〈q̄q〉(µ)φγ (y,µ)

]
,

Ṽ = ∑
n=0

(
αs

4π

)n+1
Ṽn , Ṽ0 = 2CF

[
x̄
ȳ

1
x− y

θ(x− y)+
x
y

1
y− x

θ(y− x)
]
+

−CF δ (x− y) .

⇒ Factorization-scale independence of G(p2,Q2) at one loop.

NLL resummation needs two-loop evolution kernel (Mikhailove and Vladimirov, 2009 + others):

Ṽ1(x,y) =
Nf

2
CF ṼN(x,y)+CF CA ṼG(x,y)+C2

F ṼF(x,y) .

χ(µ)〈q̄q〉(µ)bn(µ) = ENLO
T,n (µ,µ0)bn(µ0)+

αs(µ)

4π

n−2

∑
k=0

ELO
T,n(µ,µ0)dk

T,n(µ,µ0)bk(µ0) .
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Hadronic photon effect at NLL
Dispersion form of the NLL factorization formula:

G(p2,Q2) =−
√

2
(
Q2

u−Q2
d
)

Q2 χ(µ)〈q̄q〉(µ)
∫

∞

0

ds
s−p2− i0

[
ρ
(0)(s,Q2)+

αs CF

4π
ρ
(1)(s,Q2)

]
.

The NLO spectral function:

ρ
(1)(s,Q2) = 2

∫ 1

0
du

φγ (u,µ)
ū

{
θ

(
u− Q2

Q2 + s

)
Q2

Q2 + s

[
ū−u

u
ln

(
µ2

us− ūQ2

)
+

3
2

ū
u

]

+ ln

(
µ2

s

) [
Q2

Q2 + s
−P

ūQ2

ūQ2−us

]}

+
Q2

Q2 + s

∫ 1

0
du θ

(
u− Q2

Q2 + s

){
2 ln

(
us− ūQ2

Q2

) [
ln

(
µ2

us− ūQ2

)

+ ln

(
µ2

Q2

)
+

3
2

]
− ln2

(
µ2

Q2

)
+ ln2

(
µ2

s

)
− π2

3
+3
}

d
du

φγ (u,µ) .

The NLL LCSRs for the hadronic photon effect:

FNLP
γ∗γ→π0 (Q2) =−

√
2
(
Q2

u−Q2
d
)

fπ µπ (µ) Q2 χ(µ)〈q̄q〉(µ)
∫ s0

0
dsexp

[
− s−m2

π

M2

]
×
[

ρ
(0)(s,Q2)+

αs CF

4π
ρ
(1)(s,Q2)

]
+O(α2

s ) .
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Final expression of the pion-photon form factor
Adding up different contributions together:

F
γ∗γ→π0 (Q2) = FLP

γ∗γ→π0 (Q2)+FNLP
γ∗γ→π0 (Q2)+Ftw−4

γ∗γ→π0 (Q
2) .

Breakdown of various contributions:

Input parameters:

a2(1.0GeV) = 0.21+0.07
−0.06 ,

a4(1.0GeV) = −
(

0.15+0.10
−0.09

)
,

δ
2
π (1.0GeV) = 0.20±0.04 GeV2 ,

χ(1.0GeV) = (3.15±0.3) GeV−2 ,

b2(1.0GeV) = 0.07±0.07 .

Will discuss the model dependence of
the pion DA.

Large cancellation between the hadronic photon correction and the twist-4 effect.
Smallness of the power corrections at large Q2 numerically.
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QCD corrections to the pion-photon form factor
NLO QCD corrections to both the twist-2 and the hadronic photon contributions:

I O (25 %) QCD correction to the twist-2 contribution (almost Q2 independent).
I (20-30) % QCD correction to the hadronic photon effect, but not relevant at large Q2.
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Model dependence of the pion-photon form factor
Models of the pion DA:

a2(1.0GeV) = 0.21+0.07
−0.06 , a4(1.0GeV) =−

(
0.15+0.10

−0.09

)
, [BMS,2004] ;

a2(1.0GeV) = 0.17±0.08 , a4(1.0GeV) = 0.06±0.10 , [KMOW,2011] ;

an(1.0GeV) =
2n+3

3π

(
Γ[(n+1)/2]
Γ[(n+4)/2]

)2

, [Holographic] ,

a2(1.0GeV) = 0.5 , an>2(1.0GeV) = 0 , [CZ] .

Purple squares from CLEO.
Orange circles from BaBar.
Brown bins from Belle.

KMOW and Holographic mod-
els appear to describe the data at
Q2 ≥ 10GeV2.

“Soft" physics more important
at low Q2 and the nonperturba-
tive modification of the spectral
function works better.
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Model dependence of the pion-photon form factor
Theory predictions with BMS, KMOW and Holographic models:
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Concluding Remarks

Scheme independence of the leading twist contribution at one loop explicitly.
I Operator matching with evanescent operators and the γ5 prescription.
I O (25 %) QCD correction to the twist-2 contribution (almost Q2 independent).

Hadronic photon effect at NLO.
I Construction of the NLL LCSRs due to the violation of the direct QCD factorization.
I QCD factorization for the correlation function at NLO.
I Operator matching with both the NDR and HV schemes.
I (20-30) % QCD correction, but not relevant at large Q2.

Predictions with different models of the pion DAs confronted with the data.
I “Exotic" end-point behavior not needed.
I More precise data needed (BES III at low Q2 , Belle II?).

Future work:
I A complete NNLO twist-2 calculation.
I The NLO twist-4 calculation (including the 3-particle DA effect).
I Yet higher twist contributions (no correspondence between the twist and power expansion).

Yu-Ming Wang (NK) π
0
γ
∗
γ Hefei, 16. 11. 2018 30/30


