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Disclaimer

| try to be pedagogical in this seminar talk...



Why analytic Feynman integrals?

® Once the analytic expression 1s obtained, the phase pont generation 1s extremely fast
® Avoid unstable numeric phase points
® Understand the deep structure and hidden symmetry in quantum field theory

® and yes, we can.




The State of Art

recent analytic results

® )-loop qgqbar — ttbar nonplanar integrals
(D1 Vita, Gehrmann, Laporta, Mastrohia, Pierpaolo; Primo, Schubert, Ulrich, 2019

® /-loop form factor planar integrals
‘von Manteuftel, Schabinger, 2019

® -loop Higgs + one jet production (with t quark mass dep.) nonplanar integrals (almost all)
(Bonciani, Del Duca, Frellesvig, Henn, Hidding, Maestri, Moriello, Salvatori, Smirnov, 2019
® 2-loop five-point massless planar and nonplanar integrals

(Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, 2019)

and there would be many more in the near future

uncharted territory

Feynman integral with elliptic polylogarithms,
usually in multi-loop nonplanar diagrams with “large” massive internal loop

new transcendental functions (new, even for mathematicians)

see, eg, Broedel, Duhr, Dulat, Tancredi, 2013
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Mainstream Analytic Methods

Most used

® Canonical differential equation (Henn 2013), in terms of polylagarithm

® Partial fraction + recursive integration (Panzer 2015), package: Hyperlnt, in terms of polylagarithm
® Elliptic Canonical Differetial Equation (Broedel, Duhr, Dulat, Tancredi, 2018), in terms of elliptic polylagarithm

Sometimes magic

® Mellin-Barnes

® Dimension Recursion Relations (L.ee, Smirnov 2012),
usually numerie, but sometimes provide analytic result for complicated mmtegrals
® Integral Bootstrap (Chicherin, Henn, Mitev 2017

can easily get the “nice” integrals, eg. conformal, in an integral family



Outhne

Latest Developments in Canonical differential equation
Uniformal ‘Transcendental (U'l) integral determimation
Fast differential equation reconstruction

Solving differential equation with boundary condition

Example: 2-loop 3-jet production analytic integrals and applications in amplitudes



Based on

Chicherin, Gehrmann, Henn, Wasser, YZ., Z.o1a

“All master integrals for three-jet production at NNLO”, PhysRevlett. 123 (2019), no. 4 041603
“Analytic result for a two-loop five-particle amplitude”, PhysRevlett. 122 (2019), no. 12 121602
“The two-loop five-particle amplitude in N= 8 supergravity”, JHEP 1903 (2019) 115

Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, YZ, Zoia

“Analytic form of the full two-loop five-gluon all-plus helicity amplitude”, PhysRevl.ett. 123 (2019) no.7, 071601

Caron-Huot, Chicherin, Henn, Peraro, YZ., Zoia

“Multi-Regge Limit of the Two-Loop Five-Point Amplitudes in N=4 Super Yang-Mills and N=8
Supergravity ”, 2003.03120 (Accepted in JHEP)

Boehm, Wittmann, Xu, Wu and YZ

“IBP reduction coefficients made simple ” 2008.13194



Canonical Differential Equation for Analytic Feynman integrals

D-dimensional cuts

Module hft
INTITTIAL algorithm

UT Feynman integrals

Alphabet searching

Canonical Ditferential Equation Construction

Differential equation reconstruction

Solve Differential Equation with boundary values Determine boundary values

from the singularity of Feynman imtegrals

Analytic Feynman Integrals New ldeas

Baikov representation
Computational Algebraic geometry

Finite fields

Liarge-scale parallelization



Canonical differential equation

and Ul integrals



Differential Equation for Feynman Integrals

d=4 — 2¢ [(X, €) master integrals as a column vector

(‘)i[()_c’ €) = A;(X, e)I(x, €) (Kotikov 1991
Xj

Can be used both numerically and analytically
eg. Gehrmann, Remiddi 1999, Papadopoulos 2014, Liu, Ma, Wang, 2018 ...

Different choices of the master integrals change the DE dramatically. The simplest choice is
the integrals with uniform transcendental (U'T) weights, which gives

Canonical Differential K.quation
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Canonical Differential Equati()n Henn 2013

(%7(366 eAd;(X)1(%, €) /
/ (Z 8log W) mz)j(x )

Symbol letters

Proportional to €
/= Constant rational

— number matrix

ri

I'he first line ensures that the equation can be solved perturbatively in €

rq|

I'he second line ensures that the solution 1s the polylogarithm function in symbol letters

Analogy of the interaction pictures in quantum mechanics

%](x €) = A;(X, e)I(X, €) lh—|¢> (Ho + eHy)|Y)

j()_c, E) — T()_Cv E)]()_C7 E) l l |¢>I — eiHOt|¢>

a%}(x €) = ed; (X)X, ¢) zh—lwz = cH;(t)|9)1
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Uniformly transcendental (U'T) integrals

T(og)=1,T(m)=1,7T(¢,) =n,T(Li,) =n,....,T(fir) =T() +T(f2)

I = (overall normalization) x Z &, Th) =k
k=0

/\©< (512)' 2 ( 416 | 183 - 418 (345 — 27%) e + 9—16 (—256¢(3) + 2595 — 267%) € + O (€) ) ot UT
126 1 7w 32¢(3)e 197*€? ;
) (- g I 1 0(@) ) UT but not dlog

| T2 8C(3 197%

U'T basis 1s also good for numeric computations
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UT Integral = Canonical DE

I = (overall normalization) x Z &, T(h) =k
k=0

o - .
[(x,€) = ed;(x)I(x
G150 = A (D0

Feynman integrals are the iterated mtegration of rational functions = polylogarithm functions

[x) = Pexp (6 /c dA>I(XO) Analogy of perturbation theory ot QF'T
T path-ordered (Dyson series)

Chen’s (BR[E 7 iterated integrals, homotopically invariant

For finite Ul integrals, iterated mtegration is further truncated and simplified.

(Caron-Huot, Henn 2014)
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To find UT integrals

D

UT 4 2L°g[§J 4 n*

, , - -+
s te? (st) e 3(st)

"Log[ﬁ] [13n2+6Log[§] (1 7m+ Log[ﬁ]}) ) 2n(n+iL0g[§] Log[1+§} .

6st st

— 2imlog[l+ £]? 2Log[§]PolyLOg[2, —%] 2 Polylog |3, l*%]

S

+ + ¥
4PolyLog[3, —;} 2Po'|.yL0g[3, 1+ Z] 40 Zeta[3] “ L Ole12
st N s t B 3st =+ Olel

J

But we want to “guess" Ul integrals before we get the analytic result
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To find Ul integrals: 4D mtegrand analysis

Integrals may be Ul 1f
@ ® /D residues (leading singularity) are rational constants
® or 4D integrand can be written as a “dlog” product
UT Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010
Res @ = 41
Dy...Dy

| F F F F
d'l — / dlog [ — | Adlog | — ) Adlog | — | Adlog [ —
®/ DDy D3 Dy o8 D o8 Dy Ao Ds Ao Dy

Wasser algorithm for dlog (master thesis 2017)

Consider the partial fraction in x;,

dx
/\Ql‘: dl — U /\Qi
Y A= Y dlos(s —a)

l
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Advanced D-dimensional leading singularity

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041603

® Consider residue/dlog in D-dimension (Baikov representation)

D—L—-FE—1

D D 2
/ i / T 1 :C’(Sij,L,E,D)/dzl...dszal Baikov 1994

inP/2 - ) iwP/2 DI .. DYF -

® Require that the integral numerators are “almost” polynomials in Mandelstam variables and
irreducible scalar product, except for a pseudo scalar as a divisor

to be solved for N = Zfa (SU) X (Scalar product)a Module Laft

a Method
Res((Scalar Product) ) — (17()7.”7()7”.0)
= Di...D,

easily solved by Singular codes (computational algebraic geometry software)

systematic analysis and public code on the way!
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Other methods to find Ul integrals

Chiral Numerator
Arkani-Hamed, Bourjaily, Cachazo, Trnka (2012)
2 3 Bourjaily, Trnka (2015)

( ] [34] 4’1')2 chiral numerator vanishes

in the region the mtegral becomes IR div.

1 i Integrals with chiral numerators are usually UT

Lee’s algorithm (2015)

® [‘irst reduce the high-multipheity poles in DE to get a Fuchsian form
® Use matrix transformation to make the DE proportional to €

Mostly for one-variable cases, heavy computation

Fuchsia (Gituhar, Magerya, 2016), epsilon (Prausa 2016
17



New Algorithm: INI'TTAL,

“One Ul mtegral rules all” DlIpha, Henn, Kai 2020

(f1s---,fn) 1s a master integral basis, where f; is UT but the others are not.
Try to find a UT basis (f1,g> . ..g,) which is UT.

7 f 1 f
1 g 1 2>
=0 . | |

fg;q] I f[l;”] g

VQW@Z Vo, Vo — (1,00)

make an ansatz with symbol letters, to be solved for

combimed with FiniteFlow (Peraro 2019)
a very promising algorithm
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Examples: 2-loop 5-point nonplanar Ul

4
Bern, Herrmann, Litsey, Stankowicz, Trnka 2015
N
kq ko
1 5%
Y S, 45] 2 23] -\ 2
B = (3)24) [ [24][13] (= k2 + 5o de k) (ki —p1— T dod )
1] = (13){ ,(1 03] = k2 + pske) (k= o1 = deh )

- 451 -\ 2 137 - \2
+[1,ﬂ_23](—k,2+ L;’} AsA ) (kl — Py — {23;/\@) )

B[2] = B[1]

PLEP2, PasrPs ’
k1——k1+p1+p2. ka——k2—pai—p;

B[3] = B[]

P152pPs, p2<rpPa
k1——ko, ko——k1

B[‘l] — B[Z] pL&3Ps, Porpy
kJI—I'—]kz,i‘z—i'l—kl 4D dl()g bUt NOT UT

Bls] = BAJ", Bl6] = B2/, B[7] = BB, B[] = Bl4|

as verified on differential equations
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Examples: 2-loop 5-point nonplanar Ul

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041603

D-dimensional UT integrand analysis: Baikov rep. + Module lift

(B[1] + B[5]) >—— X (—512815 + 812523 + 2512834 + $23534 + 15545 — S34@

Add terms to make dlog to be Ul

k1,01, P2, D3, P4
G]] — G : b Ml :
k] s P15 P2, P3, P4

NP 45 512 $12 — 545
Gy = (2 | P11 P2 P3P —(G11 — G12), — (G — Gy2), G
k2. 01, P2, D3, P4 € €5 €5

0 ¥ }i:gf P1,P2,P3, P4
(722 — (J
k2., 01, P2, 3. P4

4D vanishing terms, UT

all 2-loop 5-point nonplanar Ul integral found in this way
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Examples: 2-loop 6-point Ul

Henn, Peraro, Xu, YZ, to appear

4 3

entabox 26)1231161

5 N PN = g1 (S16 | < >[[13]H ]>S56(11 —wp)?

2

entabox 26((23)(61

NS PN — 515 <Sl6 | | ]<<13>>< >>SS6‘(11 — wy)?

3 Mls 1 NSO = 251555dly - (wi — wa (I + ps)?
chiral numerators
Ouse - M3\ ) other factors fixed by
Wi Wy = wj .

13] D-dimensional integrand

analysis

21



to derive canonical DE
from Ul integrals

22



Symbol letters to full DE

9 .
— €A;(X
o (X, €)

Symbol letters

/= Constant rational

—  number matrix

It all the symbol letters W, are known, then the DE (constant matrix m;) can
be fitted easily by numeric IBPs istead of using analytic 1BPs

to find symbol letters:

® Compute DE analytic on the top sector with maximal cut and then permute
® Include the known sub-topology integral symbol letters, lower-loop order symbol letters
® Algorithm to find odd letters in term of even letters (under development)
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Examples: 2-loop 5-point nonplanar DE

Traditional way: 1.4 GB

0 /

—I1 = A;1
8xl-

It took 3 months on UZH cluster to do the algebra ...

1 5]

Canonical differential equation and U'l:

aXi \
Canonical

o MB

24



Examples: 2-loop 5-point nonplanar DE

New method:

Wiy = o .
Wa = 1y,
W3 = wvs,
‘11 = U1,
Wy = v5,

‘ﬁ
.
.
.
.
.
.
*
A J

rational number entries,

fitted numerically, 291 kB

Hrb = V3 + Vg, I-"V“ = " — U, "Vm = U] + Vo — U4,

- r . Woo = vg4 +v5 — 19 — 1
W7 = 14 +wvs, Wiz = v9—v5, Wiz = va+v3— 15, 22 Hr s
Wg = v5 +1v1, Wiz = v3 —wv Wig = v3+v4 — 17,

8 5+ U1 . 13 3 1, 18 3+ V4 1, Was = vs + 01 — v3 — 04
Wo = 11 + 02, Wis = vq4 — v9, Wig = vq4+ 15 — 9,

9 1 2 14 1 2 19 i i) 2
Wio = v + v3 : Wis = v — u3 . Woo = v +11 — 3, Woy = v1 +v2 —vg — 05

Vi = 812, V2 = 823, V3 = 834, V4 = §45, V5 = §15

31
dl(s;j; €) = € Z‘aka’lo 1(s;; €)
k=1

symbol letters

only for nonplanar

V1V — VU3 + V3V4 — VU5 — V4V5 — VA

V1V — VU3 + V3V4 — VU5 — V405 + \/Z .'
—V1V2 + VU3 — U3V4 — VU5 + V4U5 — \/E
—V1V2 + VU3 — V3V4 — V1V5 + V4qU5 + \/K , :
—V1V2 — VU3 + VU3V4 + V1V5 — V4V5 — \/Z :
—v1v2 — VaU3 + V3vs + V1U5 — vgvs + VA :
V1V — V2U3 — V3V4 — VU5 + VqU5 — \/Z

V1V — VU3 — V3V4 — VU5 + V4U5 + \/Z , R
— V102 + V2U3 — V3V4 + V1V5 — VqU5 — \/K :

fﬂ

- "
o
2~
S

odd letters

Waq1 = \/E .

Finitellow package (Peraro 2019), less than one hour
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Solving canonical differential equation

26



Chen’s iterated integrals
I(sy e) = e * ) "1™ (sy)

e*1(s;, €) = B + E(B(l) + / dA(S,-j)B(O)) + € (B(Z) + / dA(s;) (B(l) +/ dA(S,-j)B(O))> + ...
gl gl Y’

/ ]O()undary ValUG
m p(m)

e*l(ej, €) = Z €

m=0
boundary /

point

27



Boundary value

Choice a boundary pont

® Must be in the kinematic region under consideration
® Use simple and symmetric numbers

4

{8127823763476457815} — {3, -1, 1,1, —1}

108 master integrals — 49 independent integrals

1 5]

These two conditions usually determine the boundary value analytically

® Many subtopology integrals are known analytically
® “dlog” integral may still be finite when €<0, even if a symbol letter vanishes

28



Analytic Feynman integral: Solution

implemented in Ginac

G(0,....0;2) = —(logz)k, Glai,...,ap;z) = / Glas,...,axt)
N, ot /\J' 0 T — a1
k:

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041605

All 2-loop 5-point massless integrals are analytically evaluated
Goncharov polylogarithm (or simpler logarithm) up to weight 4

A tuny example: Caron-Huot, Chicherin, Henn, Peraro, YZ., Zoia 2020.05120

4

[= Elzf@ + éf@ + Y+ 0O(e) .

L.eading part:

1 1 1
2 = —3|Liy( — | — Li,( W Li,( — | — Li
f [ 12(W27> 12( 27) T Wos 2 W7 Wag
— L1y <W28> + L (W27 W28>] :

29




Again, why analytic
2-loop S5-point massless integrals in the physical region

Analytic (our result) Numeric (pySecDec)

with one CPU, GiNaC

NVIDIA Tesla V100 GPUs

I week to get one numeric point

~ minutes for one point, 10+ digits .
error estimated to be ~0.5%
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What about the other Feynman integrals?

UT integrals

Other integrals
in the same family

IBP reductions

31



What about the other Feynman integrals?

Other integrals
in the same family

IBP reductions
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IBP reduction

IBP reduction can reduce millions of Feynman integrals to hundreds of integrals.

/ APl / d”l;, 0 vl 0
ieD/2 777 | P2 9L DY L DRt

Chetyrkin, Tkachov 1981

® [.aporta algorithm (linear algebra)
® Operator algebra

® Intersection theory (Mastrolia and Mizera, 2018
® Auxiliary mass expansion (L.iu and Ma, 2019)

lypically, IBP reduction coefficients are huge.

32



IBP reduction coethicients made simple

Boehm, Wittmann, Xu, Wu and YZ
2008.15194

In a Ul basis, the IBP reduction coethicients have good properties:

® dimensional pole and the kinematic pole separated

® kinematic poles must be (even) letters

Then, we develop a improved Leiartas’ algorithm to shorten the coefficients,
based on algebraic geometry:

Hilbert’s Nullstellensatz, algebraic indepedence, syzygy reduction
We can shorten the coefficients by a factor as large as 10~100.
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L.ook at one example, one 5-page long coefficient

3 7 3 7 3 7 3 7 2 7 a7
(—Bdesys 845 — 168,15 845 +6deazy aqs’ + 160834 845" — 16812815 845’ — 812815 845

2 2 2,..7

— des108352845 — 812824 848 — 1926158342845 — 4ABo155349545 " — ABesoa 8242845
2

7 2 7 2 T 7 7
—12833834" 845" —48e815°823345" — 12815 803845 +12€312915923843 " + 3312815823843

2 7 2 7 - 7
+ 1926815 sae84n ' + 48815 vaa84n ' + Beaiab15934845° + 2012515832848

. .
— 12e813803834845 " — Is19803832825° + 00es) 5093824845 + 2451583854845

4 g 4 [ 4 [ 4 6 3 [}
— 64c315 845" — 16815 845 + 128€834" 845" + 32834 545" + 248¢512813° 843
3 a 3 G 3 0 3 (5]
+ (28128157 845" — 1968128947845 — 40812834 845" — 320e815834" 343
— BOs15234 845" — 3523834 648" — TO80a834 845" + 126879 815 45"

2. 2. 6 2. 2. 8 2. 2. 6 2. 2. 6
+ 38127815%845" — 12€810"800"845" — 3810°823°845" + 96e815" 8037845

2945° + 8c8192334 %345

san” + 14desga s34 v

2. 2. & 2. .6
+ 248158237 345 — 06€812815803°845" — 24312915927

2 2 2 2
+2813 Y34

+ 368032 534° 825" + 640e512815834 28450 + 160877815824 ° 845° = 26dex1p003834° 5150
8

Ban’ + 192€s 5 824> 545" + 48815824
+ 548108098347 845° + TRAes 530383479457 + 1725155008347 845° + 80es15% 520845
+ 20815%823545% + 1763129152 928845° + 445128157 823945% — 2des12%515528 5450
— Boyp s poagsas’ + 6deays o34048" = 16015 8328450 — 602es17815 834825"

— 1738108157 534845° — 12€812823%814845° — 3612821824845 — 240€8158037 834845°

2 6

G 2 6 2 6 2
— (0813823334845 — 20€812°815834345  — H812°815834345 + 28€812°803834845

2 g 2 6 2 6 6
+ To13 82303488 — Bl12es15 " v9a834045 — 116815" agaeaa64y — 4406838 5833834825
- 988138158236348456 4 641.‘83468456 + 1683458456 -+ 252681281548456 -+ 63612515484.56

i & P 4. & i, B = 4_ 6
—376e3812834 845" — 94812834 845 —Bdesy5934 845" — 16815834 845" — 560es23834 " 543
— 116825534 945" — 360es12%515%545" — Ws12%915% 9457 + 24e312% 59978457

3 3 3 B

+ 6152823 545 — ABesyp  enadsis® = 128157 8032 545> + 156€812515523° 545

+ 39512515523 845" + 256¢512°534%545° + 645127 53¢ 545° — 192¢s157 53 % 545°

— 4881578348457 + 67263233347 9457 + 14482378347 3457 + 1056e512815934% 345
+%481281583438455 + 11646813&2363486455 +2318u82363436455 -+ 1088681583363438455
+ 23581583383438455 — 12¢8, 238152845ls - 3813381528455 + 326813383328455

+ 8s12°520% 545" — B2es15 s0a%505” — Bs15”529°545" — A6Besyas157 900 % 948”

— 028,585 7855755 + 23663157 315925% 45" + 50915” 915820" 845" — 49157957 545

- 61338342'5456 -+ 3206815383426455 -+ &)8153634"‘8456 - 144(6@363438456

2.5 2. 2.5 2. 2.8 2. 2.5
345" — T32e812815" 834" 345" — 1838128157 834" 845" — 8326812823334 345
2. 2

— 1848128232 934% 545" — 115263158252 8342 945" — 2408159292 834° 845"

3
— 36823834

- 8846812281583428455 - 221&12251553425455 - 464(613283383428455

— 80813232383428456 - 4166815282383428455 - 104815282383428455

— 2208es12515823534° 545" — 468512513503531% 5457 + Blesys?sags45”

+ 20815 8550" — 264e815515° 923845 — 66512815 85590" — 220e315% 5157 555545"

3

— 55513251525238455 - 468123U156338456 -~ 812 8158236456 — 1285515"a348456

— 325158345457 — 200€312915%934845° — 508128157 824845°% + B0es1250575545945°

+ 15812823 834545 + 192515523 834845" + 488155287 5349457 + 988es1a?s15%534845°
+ 247813281528348455 + 1286612282328346455 . 328132823281348455

+ 512€815° 6237 634845° + 104835°523° 834845° + 7068128156237 524845°

+ 1758129155237 834845" + 16€312°815834545” + 491278158345457 — MWes12¥925554545°
— Say0  sp3sas8as” — 192581536%8346455 — 36815 893534845 = 1308681_28152 592534545
+ 30381381528338348456 . 632681228158238348455 <+ 12281228158338348455

5 5. 4 5. 4
845 — 2bfiespas34" 843

4

545+ 6desy5934° 845 + 16815534

- 5253333459454 - 3725312291;,'1.9454 - 9381229154.9454 - 12&91393334345

L) 4
—184e810844 845" — 46310894

2 44 1 4 4 1 2 4. 4
— 3813803 545 — 726812815823 845 — 1Bs1g815503 825 + J68es1n” 834 845

page 1



L.ook at one example, one 5-page long coefficient

4 4

+ 028127834 85 — 10268152834 Y845 — 488157834 545" + D12€802°824 545

+ 1808332834484;_','l -+ 240681281583448454 + 6081281583448454 -+ 1520(813033834*8454
+ 308312823824 8451 + 208€815902824 %951 + 5281582282455 + 23281278157 8452

+ 58512°515% 545 — B2¢s12%529% 545 — 18510%525% 5451 + 148cs12515% 525% 8454

+ 375128157 823" 845" — 3Bdes1 2% 915923 845" — 9681978159237 845" — 124e915% 934845
— 31s12%834%s45™ + 192e515%554 %545 + 48515%534% 545 — Bddesan®sne®sst

— 124893834 845" + 5726812815 834”845 " + 143812815” 834545 — 22848129937 834" 545"
— 46835128257 934”545 — 1802¢515525% 934 545% — 264158037534 545*

— 1160¢812° 815895 845" — 2908157815834 545" — 1668¢515" 8338547 545"

— 321512%523834%845* + 512€s15%923934°845* + 925152923 834%845*

— 2708€512515523834 545" — 605512815923834° 945" + des1z 8157 945" + 512" 815 845"

— 28es1otsas?sys® — Tsratsan®ses® + 1763128155052 + dds12815% 92575457

+ 58868122815282328454 + 1.473;122815234232.‘345;"1 — 1566812 815929 845"

— 39s12°s15523%845* — Gdesistaac®ags? — 165155347 545* + d8caan®sny®ayst

+ 12925  93:% 845" — 1128810815 9342 845" — 282919915 334 8451 + 920€312 925 834 845"
+ 2188128257 8347845 + 7205159298342 845 + 1568158257834 %945
+ 832¢s 122815233423454 - 2088122815283428454 — 1508681228232834

+ 3178127825789 845" + 41B€315° 82579317845 % + 808,57 82928347 845
+ 2628e51 23155257 834

28454

2945% + BOLsyg515905° 8347 85" + 5605 2% 51583,% 545

+ 140315915834 845* + 4B0€8127 9298347845 + 79812° 829894845

— 6245155938347 545% — 182515% 9295307845 + 1124e8129157 5238347 545*

+ 3173128152 823934% 345* + 2424€815° 8159238347 845* + 510812%915829931%845°

-— 252681281548338454 -— 63813811;"8:‘1348.1,5‘i + 292(819281538338454

+ 73812%815%803845% + B0es12% 9157803845 + 2081278157 803845* + 16e512% 515803845
+ 4812481 58338454 -+ 500es 1281548348454 -+ 125813815‘834645‘ — 36(81_982348348454
— 98128234834 845* — 4Bes 15503834 845* — 12815503 %834845* + 332e8107 8157 854 945*
+ 8381278157 634845" — 324€815° 833 834845 — B1813° 823" 834845"

— 17Bes, 528937834845 — 328158937834 845" — 400€8, 5815923534945

— 88812815823 834845 — 668e812°8157 8348401 — 1678157 815* *

— 228¢s8 1g382328348454 - 57819382328348454 -~ 646815383328348454 + 481538932834845
— 10686813811;28:‘3326348‘mtl — 21981281528332834845‘ — 6646813281582328348454
— 106812%515825° 834845 — des12* 815834845 — 819% 815824845 + des12* 920834545
+ 81248238348454' -+ 1606.91[;483;3.8348415‘L -+ 4081548338348454 -+ 31668128153823834645‘
+ 43512815 523834845 — 1228e5197 8157 8008348.45° — 3078107 515°803834845°

— 300€8,2° 815823854845 — 30812 8,5809850845% + 12081578547 845

+ 30812%834 845> + 384€893%824 845" + 7252328347845 — 184€812815334” 845"

— 46512815834 545 + 632512929534 545° + 134512523834 5.45° — 1028155239347 545°
— 36513823934 845° + 24des12° 815" 545 + 619127515 845 + desrn®s2a" 945°

+ s12° 8251845 + 1245 12% 515825 845 + Bls12* 515925 545% — 120€812° 534 545
— 30812”834" 545" — 656es93 534" 945> — 1408237534 845" + 6165125157934 " 545"

+ 154812815834 %845 — 2256312825 834% 545" — 4dds12923%834% 545"

— 288€s15923 834" 845" — 48515923 934" 845" — 176€319” 815934 845"

— 445127815534 % 845% — 1512¢512% 523934545 — 3065127523834 %5457

+ 464es 5% 803830 545" + 92515 835534 " 545° — G04des; 9515833591 855" p 1 ge 2
— 150812815823834 845 — 56e912%915%545% — 14812%815% 545 + 528125297 845°

+ 134 ]_2433333153— 112¢s 132815282388153 - 2’83122315233333458 - 3605313331532333453

4

834845
4

4



l.ook at one example, one 5-page long coefficient

+ 00812815823 °845° + 160€823" 834°845° + 40823 831 545° — 680€812815°834% 845"
— 170812815° 834% 845 + 1940e312525° 9347945 + 4875128253534 3545°

+ 800€815823° 834° 845> + 152815823 831° 845 — 688e8127 81578347 845°

-— 17281328 15283438453 -+ 3184681 32893283438453 + 6528]92833283438453
— 32081528237 834° 845° — 568158237834 845° + 2480€8128158237834° 845
+ 4528126158237 834 845" ~ 54d€812° 815834 845° + 136812°815834° 845"
+ 1032€e812%823834%845° + 198812°823834° 8457 — 352€815°823834°845°

— TB815° 823834 845" — 1072€812815° 823834° 845> — 160812815 823834845
+ 1B0BeS 1 °815803834 845" + 4286197 815803834" 845" + Bes) 5 85578,5°

3

3

+ 28128237 845° — 276e812%815 8237 845° — 698127 815° 82378457 — 406€812% 81578237 840
— 1248125157 9237 845” — 82¢810" 5159207 845 — Bs12* 8158237 8457 + 248e812815* 834 %5 45”
+ 62812815 835845 — 318e812803% 8347 845% — 87812823% 8347 845°

— 160cs15593* 8347 845° — 40815803 s34 845 + 1420¢812% 815" 9342 845°

+ 3558192815383428453 - 168868132823383428453 i 3988192833383428453

— 1ddes15%823% 4% 845" — 12515% 923 834% 845° — 1336512815923 9347 945°

— 262826815803 831 845 — 34Besyo 8157 854% 045" — BT815%8,57834% 8,5

— 1536¢312%303” 8347845 — 3368128237 8347 845 + 224¢815% 30378347 845”

+ 828158207 834% 845° — 808es12815% 8207 9347845 — 178812815 823% 5547 845>

— 2064c312% 3158237 8347 845 — 348810%5815823% 8347 845" — 124¢s19" 8158347 345>
— 81s19% 8158347 845" — 212€812" 9298347 845 — 1812 52383475457 + 80es15Y523834 %5457
+ 20815" 923834 845" + 1428¢912915° 923834 ” 845” + 297812815° 9238347 5.45°
— 588cs12” 81578298347 845 — 28181275157 9239347 945° — 6768127 5158299347 845>
— 183312" 515823954 545 + 26des19” 515" 523845” + 668197515 823545

— 112es12%815%529845° — 28812”8157 923845° + 36e912" 9157823845 + 981279157 9239457
— Bes12 515893845° — 2812 815803945 — BT6es12” 915 530855" — 1698127515 534845°
+ 184¢s12% 923" s34845” + 465127 823" 934945 + 68812815923 8348457

+ 17512815525 834845 — 820€812" 515 534845 — 80812515 9348457

+ 412¢8,5°824°834845° + 108812° 92975548453 + 148€5128,5°823° 834845

+ 135129157 523°834845° — 116€812% 515829534845 — 538197 815825° 349457
+180es12" 8157 834945 + 4851218152 834545° + 216e512 923 7 534 845" + 548125257 934545°
+ 268es12815° 9257 834945° + 91812815° 5937 934845° + 1072€3127 51575237 834845°

+ 2443127 815 523 834 845" + T2e812° 9159237 834845 — 30812° 815829 594845

— 4B8des12815" 923834845° — 121819815% 929 834945° — 160812815 8238345457

— 48127815 903 934505 + 444€512° 8157 923934545° + 1858127515 82 834905°

5

4 3 4 3 o= 3 2
— 926819 515923534845 — 35812 815803834845 — 200€905 534 845

Byqs? — T92€812823%834 %8457 — 1628128257 834°

— 52893%834 8452 + 192€315523 834 %5457
+ 368159237 834" 8457 + 12068127 815931 845> + 30812815 834" 845 — 336€812” 823834% 9457
— 728122 523534% 5457 + 448€51 2815523934 5457 + 88512815923934% 5457 — 6051248154 5457
Y9457 + Bes1o*809% 8457 + 2910% 809" 945”7 — 52e812%815803% 8457

— 188123815525 5452 + 1 76€523* 83418452 + 443299344 545% + 1520€5,2929% 53445457

+ 3328128057834 845% + 2088158097 9348452 + 2B815829° 2

o 54468132815283448452 — 1368122815283448452 — 21446812282338344845

+ 440812% 8297 8348452 — 320€515°803% 934 845% — 5681528037934 8457

834 845
+ 400681281583328344

- 158124815

834‘845
2

2 2 4 2 3 4 2
845 4+ 76812815823 834 845" + 552€812" 603834 84n

+ 114812823834 % 8452 — 1064€8128152 823834 845% — 2188128152823834 %9457 pag Cc 3
— 1926812281583383448452— 246812589338453 — 68125823384,52 + 12681_238:[5282338452



l.ook at one example, one 5-page long coefficient

+8812% 5157823 845” — 132€512° 8158257 845° — 33812 515823 545 — 624€512825 4 53435457
— 156512823" 834% 845” — 176€815523%834%545% — 44815825834 545°

+ T28e812%815 834 % 845° + 18281225157 834% 8457 — 2500€812%525°834% 5457

— 5778127 823° 834 645" + 48€815°823° 834" 8ap” + 248157823 834" 845°

— 1028€812815823° 8347 845° — 173812815825 9347 845° + 428€8127815°
+107812%815° 834 845 — 1980€812° 8257834 845° — 423612 823" 834 845"

+ 1286€815°825% 8347 845° + 208157825 834° 845 + 356€812815° 825283478457

+ 418128157 8237834 845" — T4Be812° 815823 834" 845 — T9812° 818823 834 8as”

~120€819* 815834 8452 = 30812 815834 845 — 2188194 893934 845% — 42813752383, 845
+ B48ea12815° 823834 8457 + 188812815 823834  845” + BT6es12% 8157823834 845"

+ 111819%815% 893 834"

33438452

815° + 2065127 815903834 945" — 19812°815823934" 845

+ 132812818 8232 8457 + 3381278157 8237 8457 + 180¢812" 81578237 8457

+ 45812 %8157 8937 8457 + 48¢812°815823% 8457 + 128128159237 945°

— 304es12%818% 8342 845" — TB812% 815" 8347 8457 + 668¢8127 82308347 8457

+ 167519% 805 9342845 + 388e912815923 934% 8457 + 97812915923 934 2 945>

- 79263123315333423453 - 1988123815383428452 + 153668123823383428452

+ 872812923934 945% — 128e812815% 993" 9347 945% — 68812915 823" 9347 9457

+ 528€312°515820° 8347 845" + 128127 9159207 834% 845" + 56e812" 5157 954”8457

+ 1481278157 9347 9457 + T82es12" 8297 8347 845 + 1718128237 9348457

— 28e812815” 825 8347845 + 20812815” 8207 83478457 + 2248127 5157829 894 % 8457

+ 5681279157 9257 9347 3457 — 240€812% 815923 93478457 — 132812% 51552078347 8457

— 232812815 8099347 5457 — 58312815 529834%5.45% — B2Bes19%915% 5239347 5457

— 1598127515 823 834> 845" + 192€812° 815" 823834 845" + 108812 5157529530 845"

— 380€312° 9158238347 545% — 95819 8158208348457 — 92€512° 815" 9238457

— 23815° 815 8298457 + des12Y 5155823845 + 8127515823845 — 24e€512%815% 5238457
—6812°8152823845° + 364€512° 81545348457 + 91812815 834545 — 228e512° 5294 5348457
— 57812 823 8348457 — 40e812° 815825 8348457 — 10812° 815809 534805°

+124€81% 51528345457 + 3181228152 8348452 — 27668, 545952
+ 160€312°8,5%823° 834845° + 52812%815%825°
+ 124812815823 634845° — 104€812°823%834845° — 26812°823% 834845

— B366812%815°823%834845% — 1468127 81578237 8348457 — 50Mes12”8157 82578348457

— 1268128157823 834845 + 252612 815803 8348a8” + T5812% 815823 834 845°

+ 416€812%815% 903834845% + 104812°815 8058348457 — Bes12°8157 823834 845%

— 32812815  823834845° — 100€812" 8157823834848 — 37812%615° 823834845°

+ 104€812°8,5803834845° + 266,0°815823834645° + B4€8931824%845 + 168031834845

+ 440€812823° 834% 845 + 08812623° 834845 — 64€8158237834° 845 — 168156237 834845

+ 81231278237 935845 + 668125207 834”845 — B44e512815823° 834" 545

— T4812815823° 834" 845 — 216¢812% 815823834 845 — 428127 815823834° 845

— 408¢312823" 934 945 — 102912825934 845 — 64es15823 934 845 — 16515823% 934" 545

— 12888127 823" 834 845 — 208812%823%834 645 + 6des152823°834 845

+ 16815%925% 934" 945 — 152812815920 934" 945 — 14912915825° 934 845

+ 120€812% 515 834" 845 + 80812 515”934 845 — 720812 9257 934" 845

— 156519°923°834 845 + 464€812915%820% 534" 945 + 92512815 925 834" 845

+ BT6es12” 515820 834" 545 + 144912°815825° 534 545 + 424€812” 8157 920834 " 545 4
+ 828128152 823834 945 + 408es12° 515920834 845 + 78512 515820834 845 p age

+ Tddes 19”825 " 535  8a5+ 186512° 823" 93¢ 545 + 3ddes 12815823 934 545

834545° — 6981218037 5348457

834845° + 448€8,5°8,5823°
2

8348452



L.ook at one example, one 5-page long coefficient

+ 86512815823 834”845 — 240€812° 815834 845 — 60812°515 %534 845

+ 1344€812" 823" 8347 845 + 324810° 8037834 845 — 22468108157 8237 8347845
— 688128157 8237934845 + 36€8127615923" 934 845 — 278127 815623834 848
— 120812 " 8187834 845 — 30812 8157 834”845 + 504es12 823 % 934” 845
+ 114815% 825%834 845 — 120€812815% 9232834 845 — 188128157 8237 8347845

— B2es1278157823% 934" 845 — 579127 81578207 834 845 — 788es12°915825% 834 545
— 2218)7% 8158237 634" 845 — 360€812% 8158238345845 — T8812% 8157 8238347 845

— 124e812°915% 823834 845 + 5812”815 823934 845 — 288€812" 315823934 545

— 608121815823834% 845 + 120€8,2° 815 6542 845 + 30812° 8158342845

— B20e812” 929" 935" 945 — 180812% 925" 834" 845 — 3408127915923 9347 945

— 858122815923 9347 945 + 180es,9 9157934 845 + 4581279157 934 845

— BBdesyp 929 834 845 — 146812% 829° 3347 845 + 528es 10”5157 925" 934% 845

+ 144815 515 823" 834 845 + 424e512° 8159257 934 845 + 118812 5159207 834 845
— 96es15° 929”8347 845 — 24912° 8297 934% 845 — B4Des 2% 815° 925”5347 945

— 07812%815” 823" 834° 845 + 8€312° 5187925 8347 845 + 28127 915 823”9047 945

+ T82€313°915823% 9347945 + 195815 8158257834 845 + 1562€815” 915" 9238347 845
+ 385128151 8098447 8 2 3 2

3

3

8238342845 — 20812%815° 8238347 845

— 328es12" 815523834 845 — 94812" 815° 803834 845 + 9Be512° 515523534 525

+ 24512°815823534% 845 — 60€812% 815 834845 — 15812Y815% 854845 + 120€5154 825% 534845
+30812% 325% 534845 + 60€812° 515823 834845 + 15812815823 834845 + BBe512" 923 534845
+ 22812°825 834845 — 2126812815 825° 834845 — 53812° 815823 834845

— 204¢€812° 815523834845 — 618121815823% 534845 + 244€812% 8157 8235% 834845

+ 61812%815%825° %803° 2823°

S45 — 32€812°515

834845 + 68es12" 815”8237 834845 + 17812 815 8237 834845

— 176€812°815825° 834845 — 448,2°815823% 534845 — 92€812° 815" 823834845

— 238128154 823834845 + 116€812 815% 823634845 + 29812% 815823834845

+ BBe812°8157 823834845 + 22812° 8157829831845 — 966812823 834" — 248128237 53,"

— 068127 823°834° — 248127 823°534° + 96€812815823° 634" + 24812815825 834"

+ 9668158158057 834" + 2481278158257 834" + 288e815 805 854" + 728157 853" 854"

+ 06612815823 8347 + 24812815823 834" + 288e8127 9237 834* + 72812 8237 834"

— 06es12815° 928 834" — 24812815823 934" — 288e510” 81592 834" — T28127915925 834"
— 384es12°815623% 8347 — 0681278158237 9341 + 06€812% 8157 803834 + 2481278157 623834
— 288es12°923 930" — 72912 925" 834 — 192e812% 915925 934 — 48812% 915829 834"

— 288¢s 248233334.3 - 72813482338343 -+ 28868122815282338343 -+ 726122815282338343
+ 288¢812”516823° 934" + 72812°915923° 934" — 96es12” 515 823 834°

— 2481578157 8257 934> + D6€8127 81578057 834 + 248158157 929 834"

+ 480es12" 515923 834° + 120819% 91582079347 — 96es12%915% 923934

— 24815% 5157823934 % — 192€512° 915 893934" — 48812"815°825534” + 06es,2" 5297534

+ 2451278234 994% + 96e812° 5158201 9347 + 248127 51582049347 + 06es12%5257 9347

+ 24512° 525 834" — 1925127515820 534" — 48819% 51578097 534” — 96es12" 515825" 534°
— 24815% 91582339347 + 06es123815 92578347 + 2451238157925 9347

— 9Bes19* 8158257 834% — 24512% 5155057 834 — 192€812° 9155297 894°

— 485135815823 834° + 96e512°815° 8238347 + 24512515 523834% + 96e512° 5157 829 834°
+24812°%815% 8238347)/ (8(4€+1)812823845° (812 — 845 ) (834 +845) (812 + 815 — 834) (812+ 823 — 845)

(812 — 834 — 845) (=815 + 823 + 834)(—815 + 523 — 845)) page 5



Using our algorithm,
this coethicient 1s simplified to



3823834 3834 158152 — 15815834

2(4€ 4+ 1)s12545(—515 + S23 + s34)  2(4de + 1)s12545  8523S45(—S12 — S15 + S34)

n $23534° B 2823534 N $23834 + S34°
S452(845 — 512)(—S15 + 523 + 534)  S125452(—S15 + S23 + S34)  Sa5(Sa5 — 512)(—S15 + S23 + S34)
B 11893834 B 15815834 S15 — 823 — 834 2815 — 2834
2512545(—S15 + S23 + 534)  8523545(—S12 + 534 + S45)  Sa5(—S512 — S23 + S45) 512523
15815 — 15834 7823 15823
8s03(—512 — S15 + 534)  2512(—S15 + S23 +534)  4(—S12 — S15 + 534)(—S15 + S23 + S34)
| . 515 523 — S45 15815
— 2512(—S12 — S23 + Sa5)  2512(S15 — S23 + 545)  88a5(—S12 — 515 + 534)
15 7834 5834
4(—s12 — 815+ 834)  4s23(—S12 — S23 + Sa5)  4(S45 — 512)(—S12 — S23 + Su5)
15834 1 4834 11834
. _|_ .
8s03(—512 + 834 + S45)  2(—S12 — S23 + S45)  S12545  4S45(S45 — S12)
15 5) 4 38342
. _I_ _
8(—s12 + 534 +545)  4(sa5 —512)  S12 Sa52(—S15 + S23 + 534)
n 834 S45 3534 1 1

_|_ _
4545(—515 + S23 + S34)  2(S34 + S45)(S15 — S23 + Sa5)  Sa52  2(S3a + Sa5)  4sss

It1s ~16 times compression

So other integrals can be expressed as Ul integrals with reasonable coefficients
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2-loop 5-point +++++ pure-YM amplitude

~

"N 5125451
I — B —
’ 2 4{12}(23)(34} (45} (51 )trs
X (stt-l‘+(l34-5) (2812 — 4 €y (ps — pa) + 2(0y — £5)-p3)

Aggz = A

& €11 1059254
51252354547 ) / r ¢ r W2 \
A;gm =N\ 2] — — : —— (tl‘+(1-545)| f’] -+ ’p,:,) + .51583484;.) .
; (12)(23)(34){45)(51)tr5 * ‘ / >

f oy - '. ) »" . . Py : X ) \
— $34tr 4 (1235) (2855 — 46 (py — p2) — 2(61 — £5)-p3)
— ds93331815(60 — €2) 03 ),
$12523545 1
) (12){23)(34)(45)(51}tr5
Sar

X (t-l‘+ (1345) (ﬂ (ps — pa) — Tl) + 515.3;3;845)-

s12tr 4 (1345)

Ayzp = A<l]>¢1) = _2(12)(23)(34)(4:3)(51)513(2([1 ‘Wya3) + S23)
(6 + f2)2 + -8'45)

S.L’,

X (Fz + F3

512523534545551 F]

, ) ~ (12)(23)(34) (45)(51)trs’
> - S12845F1
,E\z) T T 4(12)(23)(34) (45) (51 )tr;

A:;:H:SL, =A

L

A_{,{] :I—)Lg = 4

X (2823534815 — .8'23t.l'+ ( 1345) -} S_'“tl'_+_ ( 1233)) ,

-1 5121“1
Q\) = T 2(12)(23)(34) (45) (51)trs

1

X (s23845t14 (1435) — s15834t14(2453)),

1

2) _ AB'Z'Z:A\II — A(@:) - Az.’i'z:;\ll — A( 3=

.S';;.lh'i'ist I'y ( 1 235) Fl
(12)(23)(34) (45) (51)tr5’

A&'f]h’u] - A

Az, = A(

N -

Badger, Irellesvig, YZ, 2013
Badger, Mogull, Ochirov, O’Connell 2015

anfz LiLr2 (5'45 — slz)tl+(1315)
A. « . —— A — —
s (. ) 2(12)(23)(34)(45) (51)s13

s\f2 £1,1 1
Aocnsr. = A =

330;5L1 (l>!<L> (12)(23)(34)(45)(51)
) { B t1‘+(l345)t1‘+(1235))

S13535
X (F2+ F3

({‘1 -+ [‘2)2 -+ .'5'45>

S45

(F'z + F3

|

(m (1245)

o

4(6y-p3)(la-p3) + (b + €2)*(s12 + S45) + -5'12""-‘5)

+ F3| () + [2)2315

{ (s ‘ {1+ 2 [-)'Lu'r,_- 512 = S45 o
+“_+(1235)(( 1‘+ 2) 4 Ik;(l + (€2-ws43) + S12 — S84 (€ _1)5)_))
2 S35 535545

S35 512

{ {y : £y 2(01 -wyo S45 — S12 9
+tr, (1345) (LB 0SB ""(1+ biowiz) | 805 = 12, —])1)') .
2513 S45 13 S12813
Snfz iyl F‘,‘
Assose, = A L) = ‘
R0i%a ( ) 2(12)(23)(34) (45)(51) 512

X ((s.;_.-, — sp2)try (1245) — (n~+(1245) -

try (1345)tr, (1235)

) 2((1 '])3)

S13935
S. 5t.l' 1235 S12 — 845, , :
- = +{ ) (2((2-w543) + u((z - 1’5)2)
S35 545
s1otry (1345) [ S45 — 812, '
+ ex 2([1'0012;;) + —([1 _1)1)2 :
S13 512
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2-loop J-point

pure-YM amplitude

numerator degree-5 1BP needed (impossible by current analytic IBP method)
indirect finite-field fitting for the amplitude (atter IBP) 1s applicable

All weight-3, weight-4 part of the amplitude cancels out

HO = S H? + Y T H®

Ss /S, Ss /St
L2345 = Lis (1 — s12/545) 4 Liy (1 — 523 /545) + log® (s12/523) + 72 /6.
r ‘ 3
( 15)2 ‘. 1 tr? (1245)
,H(Z()) _ [ ] 93.45 + 2 E' S1989: + S1982, + ) .
‘ ZS, i (12)(23)(31) 12345 T ™ 0y (23y (34) (45)(51) | AT T s T e f -'
L Tl
%gi’l): | K 15 I934.15 + Io43:15 — I324:15 — 4 L345.12 — 4 I354.12 — 4 143512
| GZ, " 23343 (42)
2713
o) sog tr_ (1345) 3 [12]2 ’>
— 6K — =
531 (12)(23)(34)(45)(51) _ 2 (34)(45)(53)

Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, YZ, Zoia
PhysRevl.ett. 123 (2019) no.”7, 071601
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Summary

® Significant progress of analytic Feynman evaluation
® Canonical differential equation: lastest development
® [nspired by D-dimensional cuts/computational algebraic geometry
® [Kxample
All 2-loop five-point massless Feynman integrals

Please also check recents papers
on the analytic Feynman integrals

Vielen Dank!



Infrared structure
(Catani’s dipole formula 98

D
A(sy€) = Z(sy, €)4 (sy, €) Z(sj€) = expg’ ( 2e>

:Z’f‘i.’f‘j, D:Z’f‘i.’f‘jlog( Sg),

i) i) H

T, 1s the adjoint action of su(N,) Lie algebra.
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