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Charles Robert Darwin, 1809-1882

Modern word equation:

Evolution by Variation and Selection

Classical statement: principle of natural selection

Ludwig Eduard Boltzmann, 1844-1906

Modern expression:

p x exp (- HAT)

Classical formula: S = kIn (W)
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Evolution by Variation and Selection
EALG AR GAE SR GEFRRALAE L
(CFERR: WIC- KR 3, 1858; - (WFEE) , BRI, 1859)

« “... it requires interpretation to bring out the originality and force of the
argument, more so than if Darwin were a Newton or an Einstein abstracting
far beyond everyman’s power to follow and to understand. A hero of science
should be less accessible.”

C.C. Gillispie, The edge of objectivity, 1990

Consistent theoretical formulation was established in 2005:

* Laws of Darwinian evolutionary theory. P. Ao. Physics of Life Reviews 2 (2008) 117-156
FAh AR GE SO E R LR L = dx/dt = f(x) + £(x,t)

*  Emerging of Stochastic Dynamical Equalities and Steady State Thermodynamics from Darwinian Dynamics,
P. Ao, Communications in Theoretical Physics 49 (2008) 1073-1090

« Darwinian dynamics implies developmental ascendency. P. Ao, Biological Theory 2 (2007) 113-115

«  Equivalent formulations of "the equation of life”. P. Ao. Chinese Physics B23 (2014) 070513

Selection makes complete disorder impossible; and variation makes complete order impossible.
RFILTETFFERXH  BERULTEEFETEEXN,



RA Fisher and S Wright

3 main characteristics of evolutionary processes:
stochasticity; adaptation; optimization

* RA Fisher: Fundamental theorem of natural selection(FTNS), 1930
‘The rate of increase in fitness of any orgainism at any time is equal to its

genetic variance in fitness at that time.’

~ fluctuation-dissipation theorem(FDT) in physics, 1950’s
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B.Increased Selection
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C. Qualitative Change
of environment

4 Nu, 4Ns very large

~ energy function in physics
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D.Close Inbreeding
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* “The principle of natural selection” is outdated.



Energy Function or Lyapunov Function

*Given a dynamical process described by an n-dimensional
ordinary differential equation (ODE):

dx/dt = f(x)

*Does a Lyapunov function H(x) always exist? dH(x(t))/dt < 0

*If yes, can we find a construction of H(x)?



Difficult but Important Question, |

encountered in many fields

Biology:
“ ... the idea that there is such a quantity (adaptive landscape—P.A.) remains one of the most widely held popular
misconceptions about evolution”.

S.H. Rice, in Evolutionary Theory: mathematical and conceptual foundations (2004)
Chemistry:

“The search for a generalized thermodynamic potential in the nonlinear range has attracted a great deal of attention, but these
efforts finally failed.”

G. Nicolis in New Physics, pp332 (1989)

Physics:
“Statistical physicists have tried to find such a variational formulation for many years because, if it existed in a useful form, it
might be a powerful tool for the solution of many kinds of problems. My guess ... is that no such general principle exists.”

J. Langer in Critical Problems in Physics, pp26 (1997)

and, check recent issues of Physics Today, Physical Review Letters, ...

Mathematics:
gradient vs vector systems, unsolved (Holmes, 2006; Strogatz, 15t ed., 2" ed. 2015)
dissipative, Vef # 0; asymmetric,Vxf# 0 (absence of detailed balance); nonlinear f; stochastic, multiplicative noise

Economy (econophysics), finance, engineering,

Experts have been generally negative on its existence.

for example, Steve Smale, ~1970’s; Strogatz, 2015

Udo Seifert, Reports on Progress in Physics (2012)

LCEBERZSPNZREPHATFEIFN DR (B D2 EGITESE) |, 2016 , 631
“RRIGHALIE R ERZE ARietz EBARKRIIHEFE18H —IbR=HIR 2016574

Nevertheless, a positive answer will provide not only an additional powerful tool to study nonlinear dynamics, also a unifying

framework for statistical mechanics, complex systems and nonequilibrium processes.



Difficult but Important Question, I

a few recent confusions

Viscoelastic and Elastomeric Active Matter: Linear Instability and Nonlinear Dynamics
E. J. Hemingway, M. E. Cates, and S. M. Fielding, Phys. Rev. E93 (2016) 032702
https://journals.aps.org/pre/abstract/10.1103/PhysRevE.93.032702

Machine learning the thermodynamic arrow of time

Alireza Seif, Mohammad Hafezi & Christopher Jarzynski. Nature Physics 17 (2021) 105-113
https://www.nature.com/articles/s41567-020-1018-2

Non-reciprocal phase transitions

Michel Fruchart, Ryo Hanai, Peter B. Littlewood & Vincenzo Vitelli. Nature 592 (2021 ) 363
https://www.nature.com/articles/s41586-021-03375-9.pdf

AR E—ERIEFE RGHEZRBAES  https://zhuanlan.zhihu.com/p/435419801
Q HEERER 2021-11-19 21:27

Nature : EREMARSEHIIEE F A (9g.com)
9 SEEERE

Symmetry, Thermodynamics, and Topology in Active Matter
Mark J. Bowick, Nikta Fakhri, M. Cristina Marchetti, and Sriram Ramaswamy. Phys. Rev. X12 (2022) 010501
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.12.010501 .

Mathematics:
gradient vs vector systems, unsolved (Holmes, 2006; Strogatz, 15t ed., 2" ed. 2015)
dissipative, Vef # 0; asymmetric,Vxf# 0 (absence of detailed balance); nonlinear f; stochastic, multiplicative noise

Nevertheless, a positive answer will provide not only an additional powerful tool to study nonlinear dynamics, also a unifying

framework for statistical mechanics, complex systems and non-equilibrium processes.


https://journals.aps.org/pre/abstract/10.1103/PhysRevE.93.032702
https://www.nature.com/articles/s41567-020-1018-2
https://www.nature.com/articles/s41586-021-03375-9.pdf
https://zhuanlan.zhihu.com/p/435419801
https://view.inews.qq.com/k/20220126A0BK4P00?web_channel=wap&openApp=false
https://journals.aps.org/prx/abstract/10.1103/PhysRevX.12.010501
https://www.zhihu.com/people/swarma

Construction: math perspective, ml

General dynamical system (ODE form) in n-dimension:
dx/dt = f(x) For simplicity, f will be assumed to be smooth enough.

“Theorem”:
There exists a decomposition such that
f(x) = -[Dx) + QAx) IVH(X) ,
with H(x) single-valued scalar function
O(x) symmetric and non-negative matrix D= D~
CXx) anti-symmetric matrix Q=- Q°

Two limiting situations are well known:

1) Ox) =0: (generalized) Hamilton equation: “energy H(x)” conserved
dx/dt = - QX)VH(x)

2) QAx) =0: (generalized) gradient system: purely dissipative dynamics
dx/dt = - D(xX)VH(X)



Construction: math perspective, m?2

Plausibility 1: Hamilton-Jacobi equation
f(x) = -[ Dx) + Qx) [VH(x) =
f(x) - VH(x) = - VH(x) - [ D(x) + CAx) [VH(x)
= - VH(X) - O(x) VH(X)

For simplicity, set O(x) = 1, we have
f(x) - VH(X) + VH(x) - VH(X) = 0, Hamilton-Jacobi equation

with H and f known, @ can be found but generally not unique

Plausibility 2: 1st order quasi-linear partial differential equation (PDE)
Again, with the simplicity assumption of O(x) =1, [1+ QX) ]! exists.
Hence, we have
[1+ Q) [(x) = - VH(X)
VxVH=0 >
Vx([1+ Qx)1f(x))= 0, anti-symmetric, n(n-1)/2 equations
first order quasi-linear PDE
@ can be uniquely obtained, hence H upon to a constant.



H(x): Lyapunov Function

dx/dt

f(x)
- [ D(x) + Q%) [VH(x)

dH(x(t))/dt = VH(X) - dx/dt
= - VH(x) [ D(x) + Qx) [VH(x)
= - VH(X) O(x)VH(x)
<0,
i.e., H(X) is a Lyapunov function.

 Remark 1: The Lyapunov function is generally unique when D known.
« Remark 2: The fixed points of f(x) are all preserved in VH(X).

D(x) =0: (generalized) Hamilton equation: “energy H(x)” conserved
dx/dt = - QX)VH(x)



System + Environment (origin of noise and friction, etc. )

Vortex Dynamics
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Construction: physics perspective, pl

Two equivalent forms of stochastic differential equations

« Standard stochastic differential equation (SDE):
dx/dt = f(x) + (x,1) (S)

Gaussian and white, Wiener noise: < >=0, <{(x,t) * (x,t') >=2 ¢ D(x) o(t-t")
* The desired equation (local and trajectory view):
[S(x) + AX)] dx/dt = - VH(X) + £ (x,t)  (N)

Gaussian and white, Wiener noise: <& >=0, <&(x,t) &*(x,t') >=2¢ S(x) o(t-')
which has 4 dynamical elements:
dissipative (S=S57), transverse(A=-A"), driving(H), and stochastic forces(&).

« The desired distribution (global and ensemble view):

steady state (Boltzmann-Gibbs) distribution p.(X) ~ exp(- H(x) / € ).

From (N) to (S) is easy: S+A nonsingular, i.e., n independent dynamics



Construction: physics perspective, p2
From (S) to (N): knowing f and D to find out S, A and H

Describing same dynamics =
[S(x) + AX)] [f(x) + C(x,1)] = - VH(X) + & (X,1)

Noise and deterministic “force” have independent origins =
[S(x) + AX)] f(x) =-VH(X)
[S(X) + AX)] C(X.T) = &(X1)

Potential condition: Vx VH=0 =

Vx [S(x) + A(X)] f(x) = O, anti-symmetric, n(n-1)/2 equations
Generalized Einstein relation
[S(X) + A(X)] D(X) [S(X) - A(X)] = S(X) ( Einstein,1905: SD=1)

symmetric, n(n+1)/2 equations
Dx) + Qx) = 1/[ S(x) + A(X) ]

« Total n? conditions to determine matrix [S(x,t) + A(x,t)] !

Once Sand A are obtained, H =- fc [S(X’) + A(X')] f(X’) - dX’

Hence, S, 7, H can be constructed from Dand f.



Lyapunov Function with Stochasticity

relative entropy or free energy

e Free energy monotonically decreasing
F(t) = <H>(t) - ES()
with average energy <H>(t) = [dx H(x) p(x.t), temperature ¢,

entropy S = - jprXUn(( t)

« Relative entropy monotonically increasing
Sr(t) = - [dx p(x,1)In(p(x,1)/p.(X))

W|th stationary state distribution p..(x) = exp(- H(x) /€ ) /Z

e F(t) - F(oo) = - € Sr(t)



Three Typical Types of Dynamical Systems

Linear dynamics: near stable or unstable fixed points

to show that it is possible to construct a global Lyapunov function
Structure of Stochastic Dynamics near Fixed Points,

Kwon, Ao, Thouless. Proc. Nat! Acad. Sci. (USA) 102 (2005) 13029

Limit cycles: Many theorists, such as Prigogine and his school, once or even now,
would not believe the existence of Lyapunov function for such dynamics.

simple limit cycle: Limit Cycle and Conserved Dynamics,
Zhu, Yin, Ao. Int. J. Mod. Phy. B20 (2006) 817

van der Pol like: Exploring a Noisy van der Pol Type Oscillator with a Stochastic Approach,
Yuan, Wang, Ma, Yuan, Ao. Phys RevE87 (2013) 062109

Chaotic dynamics: Many mathematicians would not think this is possible.

Lorenz like systems Potential Function in a Continuous Dissipative Chaotic System: ... ,
Ma, Tan, Yuan, Yuan, Ao. /nt/ J Bifurc Chaos 24 (2014) 1450015



Linear Dynamics

Linear dynamics, fixed point is either stable or unstable
D+ Q=1[S+ A] Kwon, Ao, and Thouless, PNAS (2005)

X =fix) + {(x, 1)

({(x, 1)"(x, 17)) = 2D(x)8(t — 1)

filx) = Fyx;

(§ + Ay = —Ux + £(1)

(E(x, E(x, 1)) = 258(1 — 1')

F=—(D+Q)U=—-(S+A4)"'U

FQ+ QF = FD — DF”



Analytically Explicit Solutions

1-d: easy; n-d linear: Kwon, Ao, Thouless, PNAS, 2005

* One dimension, arbitrary function f(x)
Hx) = - [ dx' f(x)
QAx) =0

* n-dimensions, linear f(x) = FX
Hx)= - [ adx' - (1+ Q"' f(x')
FQ+ QF = F-F~



Limit Cycles

 Limit cycles, v.f+0 (dissipative?); at the limit cycle, @ = constant, S= 0 (no dissipation)
q="_F(q)+ N(q)é(r) _{E_(flé_r(fx)_} = o(f — {F}fk
N(qQN™(q) = 2¢ D(q)

[S(q) + A(@]q = —Vé(q) + N(qE(r)

N(q)N™(q) = 2¢S(q)

simple limit cycle: Zhu, Yin, Ao, Intl J. Mod. Phys. B (2007 )

S(q) = (1 _.{!'J_q..?] 10

G =—@+aql(l—q —aq)+&(t) (- -arP+1\ 01
G =q + (1 — gi — q3) + &(t) Alq) = (1—ai —q)) 0 1
':1_@-]2_19'22]?4'1 10

o(q) = ;i +a3)(ai+ a3 - 2)

van der Pol like: Yuan, Wang, Ma, Yuan, Ao. Phys Rev E (2013)

g1 =q2+ Ci(q.t) : /_,__j\:‘ : :
G2 = —p(a; — 1)@2 — @1 + h(@r) + Ga(a, )t o 7 o =
with h(q,) = p2¢3 /4 — p2q7 /16 -2t i‘ N / )

D e e S
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, 1
@{qlzz[ql+(q — jigy —QJ)] q.+(+;rz pigy cﬂ) —8



Dissipative Chaotic Dynamics

*Chaotic dynamics

Ma, Tan, Yuan, Yuan, Ao. Int’'l J Bifurcation and Chaos (2014)

x = f(x)
= —D(x)VI(x) + Q(x)VI(x)

i = —{x;, U} + [z;, 7] Bracket dynamics

{ (a) Front View |
: (b) Side View |
! () Top View !

5‘ (a) Front View :
! () Side View :
: (c) Top View :

{ ¢a) Front View -
: (b) Side View :
: (©) Top View

' (a) Front View -
: (®) Side View
: (<) Top View -




Ito, Stratonovich, and Present Method
on stochastic processes

1- d stochastic process (Ao, Kwon, Qian, Complexity, 2007)

Stochastic differential equation (pre-equation according to van Kampen, 1980):
adx=1r(x)+ {(x, t)=- D(x)H (x) + {(x, t), Guassian-white noise, multiplicative

lto Process:
* Jgpx Y = [&6,0,D(x)+ SDX)H(X)] p(x, Y
ox t=x)~exp{-H(x)e} | Dx), H(x =- f dx’ f(x’) | D(x)

Stratonovich process:
+ dp(x t) = [e6D% (X)5,D % (x) + SD(X)H(X)] p(x. ¥
px t ==)~exp{ - H(x)/} D” (x)

Present process:
* gpix t) = [ e D(x)o+ 5D(X)H(x)] p(x, )
px t ==)~exp{ - H(x)/k}



Gradient Expansion
and Lyapunov Equation

Gradient expansion (Ao, 2004; 2005)
Exact equations: Vx[G'f(x)]=0; G+ G =2D.
G=[S+A]7T =D+Q

Defining £ matrix from the “force” finn-d: F;=of , ij=1..,n
Treating derivative J,G as a higher order term

Lowest order gradient expansion—Ilinear matrix equation:
« GFF-FG =0
e G+ G =2D

Q= (FD- DF" ) /tr(F), 2-d

¢+ Hix) =-|,dx - [G(X)f(x)]



Where We Are

Ao, physics/0302081; Ao, J. Phys. A (2004); Yuan and Ao, J Stat Mech (2012)

General construction

Linear dynamics, stable or unstable
Kwon, Ao, and Thouless, PNAS (2005)
Equivalence to other methods
Yin and Ao, J. Phys. A (2006); Ao, Kwon, Qian, Complexity (2007); Yuan et al. Chin Phys B (2013)
Limit cycles
Zhu, Yin, Ao, Intl J. Mod. Phys. B (2007); Yuan et al, Phys Rev E (2013)
Chaotic dynamics
Ma, Tan, Yuan, Yuan, Ao, Int’l J Bifurcation and Chaos (2014)
Partial differential equations
Chen, Shi, Kosterlitz, Zhu, Ao. Proc. Nat’'l Acad Sci (USA) (2022)

Applications in biology:
Phage lambda gene switch:
Zhu et al, Funct Integr Geno (2004); Lei et al, Sci Rep (2015)
Cancer genesis and progression:
Ao et al Med Hyp (2008); Yuan, Zhu, Wang, Li, Ao. Rep Prog Phys (2017)

Gradient expansion: linear problem at each order
Ao, J. Phys. A (2004)
Markov Processes: same three parts--energy function, diffusion, no-detailed balance
Ao, Chen, Shi. Chin Phys Lett (2013)
Dynamical structure decomposition and A-type stochastic interpretation in nonequilibrium processes:
Yuan, Tang, Ao. Frontiers of Physics. 12: 120201 (2017)



New Predictions

 Generalized Einstein relation (aoc, J phys A, 2004)
[S(X) + A(X)] LX) [S(X) - AX)] = S(x)

SD=1 (Einstein, 1905) A=0, detailed balance
No: Luposchainsky and Hinrichsen, J Stat Phys, 2013

« Beyond Ito vs Stratonovich (ao, kwon, Qian, 2007; Yuan, Ao, 2012)
No: Udo Seifert, Rep Prog Phys 2012

* “Free energy” equality (Ao, Comm Theor Phys 2008; Tang et al, 2015)
< exp[ - |, dx - VxH(x, q) ] > = exp[ — ( F(end) — F(initial) )]

Jarzynski, 1997, when Hamiltonian is known a priori
Ao, 2008, when Hamiltonian is unknown, but emerging as shown



How Would Nature Decide?

“| assign more value to discovering a fact, even about the minute thing, than to lengthy disputations on the
Grand Questions that fail to lead to true understanding whatever. ”

Galileo Galilei (1564-1642)

First new experimental evidence:
Influence of Noise on Force Measurements.

Giovanni Volpe, Laurent Helden, Thomas Brettschneider, Jan Wehr, and
Clemens Bechinger. Phy Rev Lett 104 (2010) 170602
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(a) A Brownian particle (drawn not to scale) diffuses near a wall in the presence of gravitational and

electrostatic forces.

(b) Comparison of measured (bullets) and calculated (line) vertical diffusion coefficient as a
function of the particle-wall distance.

(c) Experimentally determined probability distribution of the local drift dz for dt = 5 ms at z = 380 nm
(grey). The dashed line is a Gaussian in excellent agreement with the experimental data.
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Fundamental Theorem of (Stochastic) Dynamics

[S(X) + AX)] dx/dt = - VH(X) + E (x,t) (N)

Three independent dynamical elements, the representation:
S: Semi-positive definite symmetric matrix: dissipation; degradation

A:. Anti-symmetric matrix, transverse: oscillation, conservative
H: Potential function or Lyapunov function: capacity, cost function, landscape
E. Stochastic force: noise, related to Sby “FDT".

Steady state distribution is determined by H(X), when independent of time,
according to Boltzmann-Gibbs distribution, p ~exp(-H/¢)!
Direct and quantitative measure for robustness and stability

Global view of bionetwork dynamics: adaptive landscape. Ao. J Genetics and Genomics 36 (2009) 63

Unifying dynamical framework for nonequilibrium processes



Unity of Biology and Physics

Evolutionary processes expressed by Stochastic Differential Equation

FU n d am ental dyn am | Cal eq u at| on | n b | 0] I Ogy--Evqution by Variation and Selection (Darwin and Wallace, 1858).

dx/dt = f(x) + &(x,1) (S)

Gaussian and white, Wiener noise: <> =0, <{(x,t) {* (x,t')>=2¢€ D (x) 5(t-t)

Dynamical structure decomposition connects biology and physics (o, 2005):

[S(X) + A(X)] dx/dt = - VH(X) + E(x,t)  (N)

Gaussian and white, Wiener noise: <& >=0, <§(x,t) E* (x,t')>=2¢ S (x) o(t-1')
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