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Abstract Two methods of energy spread measurement are introduced based on threshold truncation effect7

and spectrum resolution, which are verified with the e+e− → Λ+
c Λ̄−

c process using BESIII data. The energy8

spreads obtained with Monte Carlo are reasonable as expected as the extrapolation of that measured at J/ψ9

resonance. The methods can be alternative options to estimate energy spread.10
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1 Introduction13

Precision measurements in high-energy, nuclear,14

and accelerator physics are vital for the continuous15

progress in these fields of science. For accelerator16

based experiments in particular, the precise knowl-17

edge of the beam energy Ebeam is extremely impor-18

tant in order to achieve the highest possible accuracy19

of the derived parameters. The accuracy of beam en-20

ergy results from intrinsic and technical reasons, e.g.21

quantum emission, space charge effect, Touschek ef-22

fect, synchrotron radiation, etc. Energy spread σE is23

one of the parameters to describe the accuracy, whose24

exact value enables us to reduce significantly a sys-25

tematical error in precision measurement. For exam-26

ple, energy spread can help to obtain a reasonable27

radiation correction factor and efficiency in the cross28

section measurement of hadron pair production near29

threshold, e.g. e+e−→Λ+
c Λ̄−

c at 4575 MeV.30

In principle, every variable sensitive to σE can be31

used for the energy spread measurement, although32

not all parameters are equally suited. There are sev-33

eral methods to measure σE. In accelerator, spec-34

trum of chromatic sideband peak of beam betatron35

oscillation is related to energy spread. Thus, σE36

can be determined on basis of the measurement of37

the ratio of synchrotron satellites to the main peak38

height [1]. It can also be obtained by comparing the39

measured beam betatron motion with the theoretical40

curve [2, 3]. Compton back scattering is another way41

to measure the beam energy spread. Since the max-42

imal energy of scattered photons is strictly coupled43

with the beam energy, the width of the maximal en-44

ergy edge is determined by the energy spread.45

Beijing Spectrometer (BESIII) is a general com-46

posite detector operating at Beijing Electron Positron47

Collider (BEPCII) [4, 5], whose physical goals involv-48

ing charmonium physics, D-physics, spectroscopy of49

light hadrons and τ -phyisics. Accurate beam energy50

is essential in precise measurement, which can be an51

important source of systematic uncertainty in some52

analysises, e.g. τ mass measurement [6]. At BEPCII,53

σE is usually measured by scanning the width of54

narrow resonance, typically J/ψ and ψ(2S). Once55

σE has been measured, it might be extrapolated to56

other center of mass (c.m.) energy
√
s, assuming it57

is proportional to s [7], σE ∝ s. However, the status58

of accelerator might be different at energy far away59

from narrow resonances and different data taking pe-60

riod. The extrapolation may not be suitable, so more61

methods are needed to estimate the energy spread.62

Here we introduce two methods to measure the en-63
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ergy spread via the e+e− → Λ+
c Λ̄−

c process utilizing64

the data taken at BESIII. One method measures the65

c.m. energy spread based on threshold truncation ef-66

fect, while another one estimates beam energy spread67

using spectra resolution. The c.m. energy is twice as68

the beam energy in an equal energy collision, there-69

fore the spread of c.m. is larger than the beam energy70

spread by a factor of
√

2.71

2 Measurement of center of mass en-72

ergy spread based on threshold73

truncation74

2.1 Method description75

In e+e− collision, energy and momentum conser-76

vations guarantee that the c.m. energy
√
s of electron77

and positron system is equal to the invariant mass78

M(X), where X denotes final particles. Therefore,79

we can measure
√
s with reconstructed particles in80

the detector. BESIII has used the e+e−→µ+µ− pro-81

cess to calibrate c.m. energies of a series of data sam-82

ples [8]. However, for the case close to the threshold,83

the reconstructed invariance mass from final particles84

tends to have an average value larger than the mean85

of c.m. energy, since the collisions with energy be-86

low the production threshold don’t contribute to the87

interested process, and this is likely due to energy88

spread. The larger energy spread σE, the more col-89

lisions below the threshold and thus higher average90

invariant mass.91

So, σE could be determined if its relation with92

M(X) is found. A general analytical relation is93

hard to obtain, since plenty of factors can impact on94

it. We use Monte Carlo (MC) simulation to extract95

the relation, taking influential factors into consider-96

ation, including the average
√
s, the energy spread97

σE, the behaviour of cross section line shape near98

the threshold, initial state radiation (ISR), final state99

radiation (FSR), the resolution of the detector and100

so on. After the simulation, the average M(X) is101

generally not equal to the nominal energy
√
s, i.e.102

∆E =M(X)−
√
s 6= 0, due to the energy spread and103

the threshold truncation effect. M(X) can be ob-104

tained at a set of assumed σE to reveal the numerical105

relation between ∆E and σE, which then can be used106

to determine σE when ∆E is measured using experi-107

mental data.108

2.2 Check with data taken at BESIII109

At BESIII,
√
s measured with µ+µ− events [8] is110

used as the standard value. The nominal energy of111

4575 MeV is measured to be 4574.50±0.18±0.70 MeV,112

where the first uncertainty is statistical and the sec-113

ond one systematic. However, the uncertainties can114

not reflect the energy spread since they mainly come115

from the statistics and the resolution of BESIII de-116

tector. To measure the energy spread at 4575 MeV,117

the e+e−→ Λ+
c Λ̄−

c process is chosen because the en-118

ergy is close to the production threshold which is119

4572.96± 0.28 MeV. Λ+
c and Λ̄−

c are unstable parti-120

cles which decay immediately once they are produced.121

The process to reconstruct Λ+
c is Λ+

c → pK−π+ and122

the charge conjugate (c.c.) channel for Λ̄−
c . To im-123

prove the statistics, only one Λ+
c or Λ̄−

c is required in124

the reconstruction of the e+e−→Λ+
c Λ̄−

c process, and125

another Λ̄−
c or Λ+

c is obtained from the recoiling in-126

formation of the reconstructed one in e+e− center of127

mass system with its mass quoted from Particle Data128

Group (PDG) [9]. Then
√
s estimated from Λ+

c Λ̄−
c129

pair is calculated with the invariant mass of total130

four-momentum, which will deviate from the mean131

value of collision energy
√
s as discussed above.132

To estimate σE for the data, a toy MC is gener-133

ated with assumptions:134

• The cross section has a sharp step at the Λ+
c Λ̄−

c135

threshold [10] pursuant to the Coulomb en-136

hancement factor, πα/β [11], which cancels the137

phase space β and produces a sudden jump at138

threshold. BESIII cross section of the e+e−→139

Λ+
c Λ̄−

c process looks very similar to BaBar cross140

section of the e+e−→ pp̄ process [12], which also141

shows a sharp step at threshold, followed by an142

almost flat behaviour and a cross section value143

close to the pointlike one, once the Coulomb en-144

hancement factor has been taken into account.145

• Energy spread is simulated by means of a Gaus-146

sian function, with variance σE.147

• ISR photon γ is simulated according to [13]:148

p(k) ∼ βkβ−1(1 − k1−β + 0.5k2−β), where k149

is the energy fraction taken by γ and β =150

4α/π[ln(Ebeam/me)−0.5] is the Touschek Bond151

factor152

• The actual energy is
√
s= 4574.50±0.72 MeV,153
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as measured in Ref. [8]. The energy is sampled154

with a Gaussian assumption using the measured155 √
s as the mean value and uncertainty as the156

width.157

•
√
s reconstruction, in the case of Λ+

c Λ̄−
c pair158

production, is simulated like a Gaussian func-159

tion with width to be 9 MeV.160

• All the parameters, like the Λ+
c mass, on the161

basis of PDG [9], sampled with Gaussian as-162

sumption in the simulation.163
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Fig. 1. (color online) The distribution of

M(Λ+
c Λ̄−

c ) with (red) and without (blue) en-

ergy spread before (upper) and after (lower)

detector reconstruction.

Based on above considerations, MC samples have165

been generated with σE to be 0 and 2.2 MeV. The166

comparison of the M(Λ+
c Λ̄−

c ) distributions between167

the two cases are shown in Fig. 1, which include168

the original distribution before interacting with de-169

tector and the reconstructed one using tracks from170

the detector. The reconstructed M(Λ+
c Λ̄−

c ) distribu-171

tion of the case with energy spread is slightly shifted172

with respect to the one with σE = 0. The shift can173

be quantitatively described by the difference of the174

mean value or the peak value of the distributions.175

The numerical relation between the energy spread176

σE and the spectra shift ∆E is extracted via a se-177

ries of toy MC generated with assumption σE from178

1 to 4 MeV, 0.2 MeV step per MC sample. With179

each assumption of σE, ∆E denotes the difference be-180

tween the mean value of M(Λ+
c Λ̄−

c ) and the real en-181

ergy, ∆E =<M >−
√
sreal. The relationship between182

σE and ∆E is reported in Fig. 2 and turns out to be183

almost linear in a low order approximation. Figure 2184

also shows that magnitudes of σE and ∆E are in the185

same order in our case that
√
s is ∼1.5 MeV above186

threshold of Λ+
c Λ̄−

c .187
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Fig. 2. The relation of σE and ∆E from toy

MC at
√
s= 4574.50±0.72 MeV. Dashed lines

show the invariant mass shift of data and the

corresponding energy spread.

To measure the energy spread of the data sample189

at
√
s = 4575 MeV, we need the shift of M(Λ+

c Λ̄−
c ).190

The invariant mass distribution of experimental data191

is obtained on basis of Λ+
c or Λ̄−

c selected events192

and recoiling technique mentioned above, as shown193

in Fig. 3. The average invariant mass is measured to194

be M(Λ+
c Λ̄−

c ) = 4575.28± 0.55 MeV, which is about195

0.78 MeV higher than
√
s measured on basis of the196

µ+µ− selected events [8]. Utilizing the relationship197

shown in Fig. 2, it is found that σE = 2.1±1.1 MeV.198

The energy spread is consistent with the value esti-199

mated from the extrapolation of the spread at J/ψ200

mass using the proportional relation between σE and201

s, which is σE ≈ 0.9 MeV at J/ψ mass [14] and thus202

σE ≈ 2 MeV at 4575 MeV.203
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Fig. 3. (color online) M(Λ+
c Λ̄−

c ) distribution at

4575 MeV. Solid line is the fit result. Dashed

lines represent signal (red) and background

(green).

BESIII has also taken data at
√
s = 4600 MeV,205

which is a little far away from threshold of Λ+
c Λ̄−

c .206
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The invariant mass of Λ+
c Λ̄−

c is extracted with the207

same method as used at
√
s = 4575 MeV, which is208

M(Λ+
c Λ̄−

c ) = 4599.3± 0.2 MeV as shown in Fig. 4209

The value is consistent with that measured with µ+µ−
210

event in Ref. [8], which is 4599.53±0.07±0.74 MeV.211

There is no shift of M(Λ+
c Λ̄−

c ) at
√
s far away from212

threshold as expected.213

)2) (GeV/c
-

cΛ+
cΛM(

4.5 4.55 4.6 4.65

)2
E

ve
nt

s 
/ (

2 
M

eV
/c

0

200

400

 

20.21 MeV/c±=4599.27µ

/dof =  1.122χ

 

214

Fig. 4. (color online) M(Λ+
c Λ̄−

c ) distribution at

4600 MeV. Solid line is the fit result. Dashed

lines represent signal (red) and background

(green).

3 Measurement of beam energy215

spread based on the resolution of216

spectrum217

3.1 method description218

Many analyses in high energy physics strongly rely219

on MC simulation, which describes particle genera-220

tion and detector response. If the detector is simu-221

lated very well, the spectra of reconstructed variables222

in MC simulation should be consistent with those in223

data. Generally, if we treat the beam energy as a224

single value to do the simulation, there will be some225

discrepancy between the spectra of data and MC sim-226

ulation. Assuming the discrepancy comes from beam227

energy spread, if we taken the beam energy spread228

into consideration, the discrepancy should disappear.229

Therefore, we can use MC simulation to determine230

the beam energy spread.231

3.2 Determination of beam energy spread232

The e+e− → Λ+
c Λ̄−

c process is chosen to do233

the energy spread measurement, and the beam-234

constrained mass MBC is used to show the differ-235

ence between data and MC simulation, where MBC =236

√
E2

beam/c
4−|p|2/c2 and p is the momentum of Λ+

c237

or Λ̄−
c reconstructed from final particles. The decay238

channels of Λ+
c and Λ̄−

c are the same as the previous239

method.240

241

Fig. 5. (color online) The dependence of MBC-

fit χ2 on beam energy spread value at
√
s =

4.5745 (left) and 4.5995 (right) GeV. The rect-

angular points represents χ2 of each fit.

First, we generate a series of signal MC samples242

with different values of the beam energy spread, from243

0.5 MeV to 2.5 MeV incremented by 0.2 MeV. Then,244

we extract MBC distributions of these signal MC sam-245

ples and use them to perform unbinned maximum246

likelihood fits on corresponding MBC distributions in247

data directly. The χ2 of each fit is obtained and used248

as indicator of the correctness of the beam energy249

spread value. Figure 5 shows the results at
√
s =250

4.5745 and 4.5995 GeV. In order to find a reason-251

able beam energy spread value, the simple fits via252

the quadratic function on the χ2 value at
√
s= 4.5995253

GeV is performed. The fit function takes the form254

χ2 = p0 ·(x−p1)2 +p2, (1)

where x denotes the value of beam energy spread and255

p1 is expected to be the nominal value of the beam256

energy spread. The fit results are shown in Fig. 6.257

Note that the χ2 values are not true data, since258

there is no uncertainties in them. Therefore the259

nominal uncertainty of p1, which is output by the260

fit is not available. Accordingly, we assign the de-261

viation of the beam energy spread value, which en-262

larges corresponding χ2 by 1.0, to be the uncertainty.263

Therefore, the fit of the positive mode gives that264

p1 = 1.618±0.254 MeV while the negative mode re-265

sults in p1 = 1.490± 0.241 MeV. The corresponding266

c.m. energy spread is σE =
√

2p1 = 2.1± 0.3 MeV,267

which is consistent with the first method.268
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269

Fig. 6. (color online) The fit of χ2 of the golden

mode via the function p0 ·(x−p1)2+p2, where

the x represents the value of beam energy

spread and p1 is expected to be the nominal

value of beam energy spread. The fit is per-

formed on the χ2 data which are extracted at√
s = 4.5995 GeV, the blue solid lines repre-

sent the fit functions.

3.3 MC-based Input-Output check270

In order to justify the method to determine the271

beam energy spread value, we performed a MC-based272

input-output check. The inclusive Λ+
c Λ̄−

c MC samples273

are generated at
√
s =4600 MeV with the beam en-274

ergy spread assigned to be 1.1 MeV. First, we regard275

these samples as data and extract the MBC distribu-276

tion. Second, we use above signal shapes, in which277

the beam energy spread values are assigned from 0.5278

MeV to 2.5 MeV, to perform unbinned maximum like-279

lihood fits on the MBC distribution of the inclusive280

Λ+
c Λ̄−

c MC samples directly. Fit results are presented281

in Fig. 7. Similarly, the fit of the positive mode282

gives that p1 = 1.049±0.024 MeV while the negative283

mode results in p1 = 1.073±0.025 MeV. We assign the284

nominal value of beam energy spread, as well as its285

uncertainty, to be the weighted average of these two286

fitted values. This result is consistent with the input287

value, i.e. p̄1 = 1.1 MeV, if we take the systematic un-288

certainty of this method into account. Although the289

uncertainty is underestimated, the method we used to290

determine the beam energy spread value is justified.291

292

Fig. 7. (color online) The fit of χ2 of the golden

mode via the function p0 ·(x−p1)2+p2, where

the x represents the value of beam energy

spread and p1 is expected to be the nominal

value of beam energy spread. The fit is per-

formed on the χ2 data which are extracted

from the inclusive Λ+
c Λ̄−

c MC samples. the

blue solid lines represent the fit functions.

4 Summary293

Two methods are introduced to measure the en-294

ergy spread of accelerator based on threshold trun-295

cation effect and spectrum resolution. For the first296

method based on threshold truncation effect, MC297

simulations have been performed to validate the298

method and extract the relationship between ∆E299

and σE. The e+e− → Λ+
c Λ̄−

c process has been cho-300

sen to apply the method on BESIII data samples at301 √
s= 4575,4600 MeV. The energy spread is measured302

to be σE = 2.1± 1.1 MeV at 4575 MeV, which is303

consistent with the extrapolation of energy spread at304

J/ψ mass. The measurement is only valid at
√
s very305

close to threshold which may limit the application306

of the method. In the second method which arises307

from spectrum resolution, χ2 value as indicator shows308

the method works well, as verified by the MC input-309

output check. Both methods are reliable in the beam310

energy spread and c.m. energy spread measurement311

of accelerator physics.312
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