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Motivation: indirect test of SM

=
𝟎. 𝟗𝟗𝟖𝟓 ± 𝟎. 𝟎𝟎𝟎𝟓

⇒ 𝟏𝟎!𝟒 accuracy

𝟏. 𝟎𝟐𝟓 ± 𝟎. 𝟎𝟐𝟐
⇒ 𝟏𝟎!𝟐 accuracy

PDG2020

𝟎. 𝟗𝟗𝟕𝟎 ± 𝟎. 𝟎𝟎𝟏𝟖
⇒ 𝟏𝟎!𝟑 accuracy

𝟏. 𝟎𝟐𝟔 ± 𝟎. 𝟎𝟐𝟐
⇒ 𝟏𝟎!𝟐 accuracy

Ø In the SM, The quark interaction strength is encoded in 

one unitary matrix (CKM): 
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Motivation: indirect test of SM

Combing experiments + LQCD calculations of “Golden channels” provide the testing of CKM unitary.

Single hadron in initial state and at most one hadron in 
final state, both hadrons are stable in QCD

𝑉!"# =

𝑽𝒖𝒅
𝜋 → ℓ𝜈

𝑽𝒖𝒔
𝐾 → ℓ𝜈, 𝜋ℓ𝜈

𝑽𝒖𝒃
𝐵 → ℓ𝜈, 𝜋ℓ𝜈
Λ( → 𝜋ℓ𝜈

𝑽𝒄𝒅
𝐷 → ℓ𝜈, 𝜋ℓ𝜈

𝑽𝒄𝒔
𝐷* → ℓ𝜈, 𝐷 → 𝐾ℓ𝜈
Λ+ → Λℓ𝜈, Ξ+ → Ξℓ𝜈

𝑽𝒄𝒃
𝐵 → 𝐷ℓ𝜈, 𝐷∗ℓ𝜈
Λ( → Λ+ℓ𝜈

𝑽𝒕𝒅
⟨𝐵.| 0𝐵.⟩
𝐵 → 𝜋ℓℓ

𝑽𝒕𝒔
⟨𝐵*| 0𝐵*⟩
𝐵 → 𝐾ℓℓ

𝑽𝒕𝒃
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Lattice QCD in a nutshell

Lattice   v.s. Continuum

We simulate: We want:

😀 Euclidean space 🤔 Minkowski space

😀 Finite lattice spacing 𝑎 🤔 𝑎 → 0

😀 Finite volume 𝐿/ 🤔 𝐿 → ∞

😀 Lattice regularization 🤔 Some continuum scheme

😀 Some bare input quark masses:

𝑎𝑚0 , 𝑎𝑚*, 𝑎𝑚+ , 𝑎𝑚(

In general, 𝑚1
234 ≠ 𝑚1

567

🤔 𝑚8
234 = 𝑚8

567

➫Need to control all limits: particularly simultaneously control FV and discretization

➫Universality: different input parameters must give converge results.
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Challenges in heavy flavors from LQCD

Care about both IR (finite volume) and UV (discretization) regulators:

𝑚1𝐿 ≳ 4,  and  𝑎9: ≫ mass scale of interest

More flavors, need finer lattice

✗

➫ For 𝑚1 = 𝑚1
567~140MeV, and 𝑚+ ≃ 1.3GeV, 𝑚( ≃ 4.2GeV, that needs:

• 𝐿 ≳ 5.6fm,  

• 𝑎9: ≫ 1.3GeV ≃ 0.15fm 9: for charm

• 𝑎9: ≫ 4.2𝐺𝑒𝑉 ≃ 0.05𝑓𝑚 9: for bottom

🤔 Problems of heavy quarks on discrete lattice:

🤔

😰
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Recover to continuum physics

CLQCD 𝑁; = 2 + 1

Source image from K. Jansen et al, added CLQCD (in preparation) in extras.

𝒖/𝒅 + 𝒔 + 𝒄
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Recover to continuum physics

This work based on the first CLQCD ensembles

ü Semi-leptonic decays of 𝚵𝒄

Ensembles completed before 2022:

Q-A. Zhang et al., CPC46, 011002 (2022)

Ensembles completed after 2022:

ü 𝚵𝒄 − 𝚵𝒄′ mixing
H. Liu et al., arXiv: hep-lat/2303.17865
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Semi-leptonic decays of 𝚵𝒄

☞ Determine the CKM matrix element 𝑽𝒄𝒔 ;

☞ Experimental researches of heavy baryons:

ü Studies of doubly-charmed baryon Ξ++<< decay

☞ 𝚵𝒄 contains more versatile decay modes, will reveal more QCD dynamics:

A different pattern between inclusive and exclusive decays of Λ+ and 𝐷:

ü Precision measurement of the lifetime of Ξ(=

ü Discovery of new exotic hadron candidates Ω+

R. Aaij et al. [LHCb], PRL121, 162002 (2018)

R. Aaij et al. [LHCb], PRL113, 032001 (2014)

R. Aaij et al. [LHCb], PRL118, 182001(2017)
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Semi-leptonic form factors from lattice

ü LQCD calculations of 2-point & 3-point function

𝚪 = 𝑽 − 𝑨

• 𝒕, 𝒕𝒔𝒆𝒒 → ∞ to isolate the ground state;

• 𝒕𝒔𝒆𝒒 ≫ 𝒕, 𝒕𝒔𝒆𝒒 − 𝒕

• Ratio between 3pt and 2pt related to the form factors:

➢ 𝐹: ground state matrix element with specific Γ and 

projection 𝑇;

➢ Linear combinations of 𝐹 give the form factors;

𝒕
𝒕𝒔𝒆𝒒
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• Ratio between 3pt and 2pt related to the form factors:

➢ 𝐹: ground state matrix element with specific Γ and 

projection 𝑇;

➢ Linear combinations of 𝐹 give the form factors;

➢ “Just” do the fit.

ü LQCD calculations of 2-point & 3-point function  =>  Form factors

𝚪 = 𝑽 − 𝑨

• 𝒕, 𝒕𝒔𝒆𝒒 → ∞ to isolate the ground state;

• 𝒕𝒔𝒆𝒒 ≫ 𝒕, 𝒕𝒔𝒆𝒒 − 𝒕

𝒕
𝒕𝒔𝒆𝒒

Semi-leptonic form factors from lattice
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Parameterizing 𝒒𝟐 dependence: 𝒛-expansion

🤔 Discrete datapoints → Continuous distribution

PRD79,013008(2009)Parametrization of form factors:

➢ Use 𝐷* pole mass in the form factors;

➢ Consider the discretization effects by estimating the 

𝑑@A terms.

Conformal mapping: z-expansion → wider kinematic range 
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𝚵𝒄 → 𝚵 form factors from LQCD

ü Branching fractions:

ü Determination of 𝑽𝒄𝒔 :

⇒ from ALICE results:

⇒ from Belle results:

⇒ PDG average:
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𝚵𝐜 − 𝚵𝒄′ mixing

Mixing between mass eigenstates and flavor eigenstates:

Triplet Sextet

PLB823,136765(2021)
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𝚵𝐜 − 𝚵𝒄′ mixing

🤔 Several works from various methods are controversial……

Sum rule 5.5∘±1.8∘ Phys. Rev. D 83, 016008 (2011);

HQET 8.12∘±0.80∘ Nucl. Phys. A 1008, 122139, (2021);

Quark model
16.27∘±2.30∘ Phys. Rev. D 105, 096011 (2022);

24.66∘±0.90∘ Phys. Lett. B 838, 137736, (2023);
Phys. Lett. B 839, 137831, (2023);

Lattice QCD Negligibly small Phys. Rev. D 90, 094507, (2014).
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𝚵𝐜 − 𝚵𝒄′ mixing from LQCD

Baryonic currents of 𝑺𝑼 𝟑 𝑭 eigenstates:

➢Anti-symmetric triplet:

𝟑⊗ 𝟑 = -𝟑⊕ 𝟔

➢ Symmetric sextet:
J=1

J=0

Phys. Lett. B, 285:254–262, 1992.

➫Build the 2×2 correlation function 

matrix for lattice calculation:
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Mixing angle from correlated joint fit

• Parametrization form of correlation function matrix elements:

C11P14L

➢Parameters:  𝐴$, 𝐴%, 𝐵$, 𝐵%, 𝑚&! , 𝑚&!" , 𝜃
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Mixing angle from generalized eigenvalue problem (GEVP)

Solving the generalized eigenvalue problem: 

Reference timeMass from eigenvalues

C11P14L

Mixing angle from eigenvectors
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Chiral and continuum extrapolation

Non-physical

Extrapolate to physical value
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Chiral and continuum extrapolation

Non-physical

Chiral extrapolation

Continuum extrapolation

Extrapolation formula:

➫Extrapolated results:
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𝐦𝒄 dependence

In HQET, the mixing would vanish in the heavy-quark limit.

🤔 Valence quark mass is tunable in lattice QCD…

➫Solve the baryon masses and mixing angle from 

different charm quark masses;

➫Then fit the 𝑚' dependence of 𝜃:

C11P29S
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Summary and outlook

➢Lattice QCD calculations of Ξ' semi-leptonic decays and 𝛯' − Ξ'′ mixing;

➢The first practice of CLQCD ensembles;

➢Charmed Hadrons: testing SM, probing NP, understanding QCD……
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Summary and outlook

➢Lattice QCD calculations of Ξ' semi-leptonic decays and 𝛯' − Ξ'′ mixing;

➢The first practice of CLQCD ensembles;

➢Charmed Hadrons: testing SM, probing NP, understanding QCD……

🤔 More challenges:

• More precise results of Λ' and Ξ' decays;

• Ω' decay and form factors;

• Other matrix elements: lifetime (4-quark current), 

inclusive decays (4pt) ……
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Summary and outlook

Lattice calculations have achieved significant progress in the past years. 

Extensive analyses already in light meson sector. 

While heavy flavor physics on lattice is underway......

Thank you for your attention!

➢Lattice QCD calculations of Ξ' semi-leptonic decays and 𝛯' − Ξ'′ mixing;

➢The first practice of CLQCD ensembles;

➢Charmed Hadrons: testing SM, probing NP, understanding QCD……

🤔 More challenges:

• More precise results of Λ' and Ξ' decays;

• Ω' decay and form factors;

• Other matrix elements: lifetime (4-quark current), 

inclusive decays (4pt) ……
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Backup slides
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Non-perturbative renormalization

𝚪 = 𝑽 − 𝑨

• Z( from conserved and local vector 
currents;

• Z)/𝑍* from off-shell quark matrix 
elements.

Vector and axial-vector 𝐜 → 𝐬 current

☞ Like 𝒁𝑽:


