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Part	1:	basic	procedures	
1.Likelihood	construc7on.	
2.Fit	
3.Projec7on	
4.Generate	DIY	mc	



•  Par$al	Wave	Analysis(PWA)	is	just	a	fit,	
nothing	mysterious.		
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One	dimensional	simple	fit,	using	one	invariant	mass	as	input	

Two	dimension	fit,	dalitz	plot	analysis,	using	two	mass	as	input	

More	dimensions,	Par$al	wave	analysis,	or	Amplitude	analysis.	
Usually	using	four	momentum	of	final	states	as	input,	diffent	variables	like	the	invariant	
Mass,	angles	can	be	calculated	using	the	momentum	 to	construct	the	PDF.	
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(four	momentum)	



MC	normaliza$on	
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The		normaliza$on	is	calculated	with	
MC	integra$on.	The	integra$on	should	
go	through	all	possible	values,	a	PHSP	
MC	sample	should	be	generated.	
AUer	considering	the	efficiency,	the	mc	
aUer	reconstruc$on	is	used	to	do	the	
MC	integra$on	



A	trick	to	reduce	the	calcula$ng	$me	
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Rho_i	is	the	complex	coefficiency,	magnitude	
and	phase	
Wi			is	the	leU	part,	contains	Breit-wigner	structure	

If	the	mass	and	width	of	the	BW	is	fixed	in	the	fit,	
this	part	can	be	pre-calculated	and	saved,	so	there	
Is	no	need	to	calculate	this	part	every	$me	the		
coefficiency	is	changed.	

K	means	 the	kth	event	



Projec$on	of	the	fit	result	and	
compare	with	realdata	
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MC	genera$on	with	fi_ed	amplitude	

•  Pick	and	throw	method	

1.  Generate	many	phsp	event	
2.  find	fmax	with	the	phsp	event	

3.  Generate	one	phsp	event,	calculate	
f(x),	then	generate	a	random	number	rnd	

In	(0,1)	

4.	if(rnd<f(x)/fmax)	pick	the	event,	
	  if(rnd>f(x)/fmax)	throw	the	event.		
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Part	2:	
How	to	write	the	amplitue?	



Helicity	formalism	
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Helicity		is	the	projec$on	of	spin	along	the	movement	direc$on.	
M	in	|JM>	is	the	projec$on	of	spin	along	the	z	axis. �

For	process	a!b+c,	The	helicity	coordinate	system	of	a:	
The	z	axis	is	along	the	a’s		movement	direc$on.	(M!λ)	
θ,φ	is	the	angle	of	b	referring	to	a’s	rest	frame.	

F	is	called	the	helicity	coupling	amplitude.	F	is	rota$on		
invariant.		
D	is	the	wigner	D	func$on.	

The	cross	sec$on(probility)	of	
a	mother	par$cle	with	spin	J		
Decay	to	two	pari$cle	with	helicity	
Lambda1	and	lambda2	along	direc$on	
Theta,phi	



The	defini$on	of	angles	

•  The	first	step	Y!Zc+		+	π-	

	is	defined	in	lab	system,	

	for	BESIII,	the	Z-axis	is	along	

	the	positron	beam	direc$on	
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A1 = FλZcλπ
SY DλY (λZc −λπ )

SY (αZc,θZc,0)

The	first	step:	
Y!Zc+		+	π-	
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The	defini7on	of	angles	for	second	step	Zc+!J/psi	+	π+			
need	to	transform	to	Zc	rest	frame.	

First	rotate	the	frame	about	Z-axis	by	angle	αZc	,	
	make	the	Zc+,	π-,		and	the	new	x’-axis	in	same	plane.		y!y’	

Z	

Rz(αz)	1	
2	
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Then	rotate	the	frame	about	y’-axis	by	angle	θZc	,	
	make	the	Zc+	along	the	new	z’-axis.		x’!x’’	

Ry’(θz)	

y’	

3	



14	

3	

At	last	boost	Zc	along	Z’-axis	to	it’s	rest	frame.	

The	new	frame	(x’’,y’,z’)	is	used	to	define	the	angles	of	
next	decay	step		Zc+!J/psi	+	π+	.	

Bz(Zc)	

Z’	
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The	angles	of	the	second	step	
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A2 = Fλ J /ψ λπ
SZc DλZc (λ J /ψ −λπ )

SZc (αJ /ψ ,θ J /ψ ,0)

The	second	step:	

Zc+!J/psi	+	π+	

For	simplicity,	replace	(x’’,y’,z’)		with	(x,	y,	z).	



•  Each	step	follow	the	same	procedure.	
•  If	there	are	other	topology	such	as	ee!f0J/psi,	
f0!pipi.	then	it’s	another	rota$on	procedure.	

•  The	total	amplitude	is	the	direct	product	of	

Each	step.		
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€ 

A1 = FλZcλπ
SY DλY (λZc −λπ )

SY (αZc,θZc,0)

€ 

A2 = Fλ J /ψ λπ
SZc DλZc (λ J /ψ −λπ )

SZc (αJ /ψ ,θ J /ψ ,0)

€ 

A3 = Fλl+λl−
SJ /ψ Dλ J /ψ (λl+ −λl− )

SJ /ψ (α µ +,θ µ +,0)

€ 

A(Zc) = A1⋅ A2⋅ A3• BW



Rela$on	between	helicity	coupling	and	
LS	coupling	
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F00
1 = F00

1

F10
1 = F−1,0

1

对称性关系	

Example:		Take	Y!Zc+		+	π-,	Zc+!J/psi	+	π+	When	Zc	is	1+,	
1-	!	1+	+0-,	
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LS	coupling:	

1-	!	1+	+0-,	
Total	S=1	
L=0		or	2.	

In	the	fit,	Gls	is	taken	as	coefficiency,	we	can	see	there	are	G01,	G21	two	independent		
Waves,	S	and	D	wave.	

The	independent	F	func7on	number	should	be	same	as	independent	ls	couplings.	

For	Zc+!J/psi	+	π+,		also	have	S	and	D	wave.	
The	total	process	is	(S+D)(S+D)=SS+SD+DS+DD.	So	there	are	four	independent		
amplitude.	



A	simple	applica$on:	angular	
distribu$on	calcula$on	with	helicity	

formalism	
•  e+e-!Y(1--)!f0(0++)+hc(1+-)!π+π-hc,	try	to	
find	out	the	angular	distribu7on	of	f0	or	hc	

19	

€ 

dσ
dΩ

=
λY =±1
∑ |F0,λh

1 DλY ,−λh
1

λh=0,±1
∑ |2

=|F10
1 |2 ⋅(|D1,−1

1 |2 + |D−1,−1
1 |2 + |D11

1 |2 + |D−1,1
1 |2)

∝ (1− cosθ
2

)2 + (1+ cosθ
2

)2

=1+ cos2θ

€ 

F00
1 = −F00

1 = 0
F01
1 = −F0,−1

1



Coherent	sum	and	incoherent	sum	
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e+e-!Y(1--)!X+c!a+b+c	
Because	Y	is	from	virtual	photon,	so	it’s	polarized,	it	helicity	only	have ±1,	it’s	
helicity	values	should	be	incoherently	summed.	

All	the	possible	helicity	of	intermediate	states	should	be	coherently	summed.	

The	helicity	of	final	states	should	generally	be	summed	incoherently.			



Covariant	tensor	formalism	
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If	the	final	states	are	spin	zero,	then	there	will	be	only	orbital	angular	momentum	func$on		



Covariant	tensor	formalism	
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Eur.	Phys.	J.	A	16,	537–547	(2003)	



Dalitz	Plot	analysis	
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a! b+ c +d, all the particle should be spin 0	

3个末态的不变质量	

3个方向的角动量守恒	



Contour	of	dalitz	plot	
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Y(4420)!ππJ/ψ	



How	to	read	the	dalitz	plot	
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CR: 拟合系数	
Wr:	Breit-Wigner	
Ωr: 角分布	
F^L_D: 衰减因子	

振幅公式	

a				b					c	
For Ds!φπ, L=1, and Ma=Mb, so
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ΩR
L=1 = mbc

2 −mac
2

= mK +π 0
2 −mK −π 0

2

=0	when	m(k-pi0)=m(K+pi0)	
So	the	φ	band	is	divided	into	
two	sec$on.	


