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Motivation 

• The 𝑍𝑐(3900) cross section line 

shapes from 𝑒+𝑒− → 𝜋+/0𝜋−/0𝐽/𝜓

and 𝑒+𝑒− → 𝜋+𝜋−𝜓(3686) are 

different

• To validate the analysis of 

𝑒+𝑒− → 𝜋+𝜋−𝜓(3686), checks on 

amplitude and program are 

needed

Helicity formalism 

Covariant tensor formalism 
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Helicity amplitude construction 

• Two body decay

• 𝐹𝜆𝑏,𝜆𝑐
𝐽 is helicity decay amplitude

➢ 𝐺𝐿𝑆 is LS coupling partial wave amplitude
➢ With a definite set of helicity of (b,c), 𝐺𝐿𝑆

should be same 
➢ In fit, 𝐺𝐿𝑆 is a float complex parameter 

Covariant helicity 

coupling amplitude 

PhysRevD.57.431 (1998) by S. U. Chung

• Helicity coupling amplitudes depend on the 
relativistic factor for particles with spin 1 or 
higher
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Helicity amplitude construction 

• Sequential decay: 𝑌 → 𝜋+𝜋−𝐽/𝜓, 𝐽/𝜓 → 𝑙+𝑙−

For specific (LS, ls) 
wave component

Four partial waves: 𝑆𝑆, 𝑆𝐷, 𝐷𝑆 and 𝐷𝐷

𝐿 = 0 (S-wave) 𝐿 = 2 (D-wave)

𝑙 = 0 (S-wave) 𝑙 = 2 (D-wave)



Covariant tensor amplitude construction
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By Wu Jiajun

from UCAS

𝑌 → 𝜋+𝜋−𝐽/𝜓

𝐽/𝜓 → 𝑙+𝑙−

• 𝑈𝜇𝜈 is the partial wave amplitude 
constructed according to LS coupling
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Amplitude construction

Two points:

• Relativistic factor is included in covariant helicity formalism

• Blatt-Weisskopf barrier factor 

Two test methods:

• Calculate amplitude directly

• Fit to same samples with two formalisms



MC: 𝑌 → 𝜋+𝜋−𝐽/𝜓, 𝐽/𝜓 → 𝑙+𝑙− phsp MC
Amplitude: only Zc SS component

• The ratio is close to a constant as well
• The relativistic factor also makes the ratio more stable

Consistency between two formalisms
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Zc SS:
R max = 421.777  
R min = 419.452

Zc SD
R max = 820.681  
R min = 75.9445

Zc DS
R max = 4593.4  
R min = 368.43

Zc DD:
R max = 533.565  
R min = 67.3278

Consistency between two formalisms
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• The black plot represents case without relativistic factors 

• The red plot represents case with relativistic factors 
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Consistency between two formalisms

Both P wave for two steps

Helicity formalism:

Covariant tensor formalism:

Energy dependent terms are included in 

covariant tensor amplitude naturally
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Consistency between two formalisms

Break-up momentum is 

used in helicity formalism

If R=1fm is used in helicity formalism, R=2fm 

should be used in covariant tensor formalism

Eur. Phys. J. A 16, 537–547 (2003)
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Consistency between two formalisms

Zc SS Zc SD Zc DS Zc DD

• The amplitude ratio of Zc components are almost constants for different partial waves

Without 
relativistic factor

With
relativistic factor
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Consistency between two formalisms

• Two components of F0 have constant ratio for two amplitude formalisms

• Only |𝐿𝑆 > = |01 > partial wave of F2 is considered, the amplitude ratio is not a constant

F0 SS F0 DS F2 SD

Without 
relativistic factor

With
relativistic factor
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Amplitudes of F2

The difference natural exists?

• Check one step decay

Only five independent helicity coupling amplitude:

Same results 
for 𝑌 helicity

𝑀 = ±1
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Amplitudes of F2

The difference natural exists?

• Check one step decay

|𝐿𝑆 > = |01 > partial wave
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Amplitudes of F2
Helicity formalism:

Covariant tensor formalism:

The parts with/without angle 

have different amplitude ratio  

Two body decay phsp MC

𝑌 → 𝜋+𝜋−𝐽/𝜓 phsp MC

R0 is the ratio of term in blue box
R1 is the ratio of term in green box

The amplitudes 𝑌 → 𝑓2 𝐽/𝜓 are 

different for two formalisms
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Amplitudes of F2

Constant term of covariant formalism

Constant term of helicity formalism

• Even for the “constant”term, amplitudes are 

not consistent

• Single partial wave may be  different for high 

spin case



Zc mass=3880 MeV
Width = 1 MeV

Zc mass=3885 MeV
Width = 1 MeV

Zc mass=3890 MeV
Width = 1 MeV

• MC sample:
➢ Generated in helicity formalism
➢ Four components: SS+SD+DS+DD
➢ BW: different Zc mass and 1 MeV width

• Fit tools:
➢ AmpTool for helicity formalism
➢ GPUPWA for covariant tensor formalism 

Test with MC

• The fractions are consistent between 
covariant tensor formalism and helicity 
formalism 

• Different (LS) wave components for two 
formalisms are in match
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Test with real data

Fraction of 
partial waves:

Fraction of 
components:

@4180 @4260 @4360
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Test with real data
@4180 @4360

• The fractions  for each partial 

wave are different for two 

formalisms

• For some specific component, 

fraction deviates a lot

After include f2(1270)
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Test with real data

@4180

@4360

• The consideration of f2(1270) seems 

make more influence to fit of 4360 data

• The fit model can’t describe the 4360 

data as good as 4180 data
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Test with real data

• Without J/𝜓 → 𝑙+𝑙−, fractions of partial waves and 
components are not consistent for two formalisms 

Sequential decay: 𝑌 → 𝜋+𝜋−𝐽/𝜓, 𝐽/𝜓 → 𝑙+𝑙−
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Summary

• In 𝑓2 case, amplitudes are not consistent for two formalisms

➢ All the partial waves should be considered

➢ Is it possible to search a better amplitude construction method?

• In this report, tests are performed to demonstrate the consistency between two 

commonly used formalisms: helicity formalism and covariant tensor formalism

• Amplitudes constructed from two formalisms are consistent for some 

cases(𝑍𝑐 case, 𝑓0 case) Relativistic factor

Barrier factor

Not just use part of 
all partial waves



BACKUP
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Helicity amplitude construction 

Sequential decays: 𝑌 → 𝜋+𝜋−𝐽/𝜓, 𝐽/𝜓 → 𝑙+𝑙−

• 𝐽/𝜓 → 𝑙+𝑙− is included in helicity formalism

• Helicity formalism
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Amplitude construction

• 𝑈𝜇𝜈 is the partial wave amplitude 
constructed according to LS coupling• Covariant tensor formalism

Sequential decays: 𝑌 → 𝜋+𝜋−𝐽/𝜓



• Without J/𝜓 → 𝑙+𝑙−, even the amplitude 
ratio of Zc SS component is not a constant 

Zc SS Zc DS

Consistency between two formalisms
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R max = 179.756  

R min = 87.5549

R max = 14490  

R min = 285.977



Zc3900 MC sample: only SS component, BW function has width

Without J/𝜓 → 𝑙+𝑙− in covariant tensor formalism

With J/𝜓 → 𝑙+𝑙− in covariant tensor formalism 

Test with MC

• The test result supports the necessity of J/𝜓 → 𝑙+𝑙−

• Differences appear in fractions of two formalisms
• Invariant scattering amplitude has mass-dependent 

term? This term is treated as a constant?
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Consistency between two formalisms

Both P wave for two steps

Helicity formalism:

Covariant formalism:

Both D wave for two steps
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Amplitudes of F2

R0 R1

• The tendency of two part amplitude ratio to daughter particle  momentum
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Amplitudes of F2

• Up plot is the tendency of ratio to momentum for terms 

in blue box, down plot is for terms in green box

• Blue lines are the ratios for two body decay phsp MC, 

red lines are second power functions for comparison
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Fit result of 4360
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Fit result of 4360


