
Amplitude analysis



Quantum Chromo Dynamics
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The rules that govern how the quarks froze out into hadrons are given by QCD.

Quarks have color charge: red, blue and green. 
Antiquarks have anticolors:  cyan, yellow and magenta.

``White’’ can be one of each color:
red-blue-green, cyan-yellow-magenta
or a color and an anticolor:

red-cyan, blue-yellow, green-magenta

Bound states of quarks  are  
color neutral, ``white’’.  

F. Wilczek, QCD Made Simple
Physics Today 53N8 22-28, (2000)

http://ctpweb.lns.mit.edu/physics_today/phystoday/QCDmadesimple.pdf
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Confinement

From about 10-6 s on, the quark and anti quarks became  confined inside of 
Hadronic matter. At the age of 1s, only protons and neutrons remained.

Baryons
Mesons

The gluons produce
the 16 ton force that
binds the quarks.

Quarks can never be isolated

How does QCD give rise to excited hadrons?
⚫ What is the origin of confinement?
⚫ How are confinement and chiral symmetry breaking connected?



Hadron spectroscopy

• Testing QCD in the confinement regime

• Revealing the fundamental degrees of freedom
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What is the origin of 

confinement?

How are confinement and 

chiral symmetry breaking 

connected?



Light hadron spectroscopy at BESIII
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• Meson spectroscopy: What are the nature of QCD 
exotics? What’s the role of gluonic excitation and how 
does it connect to the confinement?

• Baryons spectroscopy: What are the fundamental 
degrees of freedom inside a nucleon? How do the 
degrees change with varying quark masses?

glueball hybrid multiquark



Charmonium decays provide an ideal 
lab for light hadron physics

• Clean high statistics data samples
• High cross sections of e+e− → J/ψ, ψ′

• Low background

• Well defined initial and final states
• Kinematic constraints

• I(JPC) filter

• “Gluon-rich” process

6BESIII remains unique for Light hadron physics

BESIII designed J/ stat. has been achieved
——A legacy data set



Glueball
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Glueballs from Quenched LQCD

Phys. Rev. D 73, 014516  

Low lying glueballs with ordinary 

quantum number

→mixing with qqbar mesons

Systematic studies needed
• Outnumbering of conventional 

QM states

• Abnormal properties

Provide critical information on the gluon field and the 

quantitative understanding of confinement



Amplitude analysis
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Tasks:
 Map out the resonances
 Systematic determination of 

resonance properties:
spin-parity,
resonance parameters,
production properties,
decay properties, …
◆ resonances tend to be 

broad and plentiful, leading 
to intricate interference 
patterns, or buried under a 
background in the same and 
in other waves. 



Amplitude Analysis

• Production Amplitude
produces a state X with 
JPC quantum numbers

• Decay Amplitude 
describes the decay of X
to final state particles

• Observables are the 
four-momenta of the 
final-state particles
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Amplitude Analysis

?

??

𝐷0

𝜋+

𝐾𝑆
0

𝜋−

Several different states, all decaying 

to the same final particles are 

produced, and they interfere 

(complex amplitudes)

Perform an un-binned  log-likelihood 

fit (fit the data event-by event to high-

dimensional distributions using 

complex weights) to make our model 

for 𝜔 agree with the experimental 

distribution for 𝜔 by varying the 𝛼. 

𝑃 𝜉: 𝛼 =
𝜔 𝜉,𝛼 𝜖(𝜉)

׬ 𝑑𝜉𝜔 𝜉,𝛼 𝜖(𝜉)

𝜔 𝜉, 𝛼 =
𝑑𝜎

𝑑Φ
= | σ𝑖𝐴𝑖 |

2

𝐿 =ෑ

𝑖=1

𝑁

𝑃 𝜉: 𝛼

Differential cross section

Standard likelihood 

The probability to observe the event characterized by 

the measurement ξ 
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Positronium e+ e-

Partial Wave Amplitude

Include spin, S, total angular momentum J: J = L + S:    (2S+1)LJ

Angular distributions 

of reactions let you 

determine the spin 

and parity of 

intermediate 

resonances



Isobar model formalism

D0 three-body decay D0
→ABC decaying through an r=[AB] resonance

D0 three-body amplitude
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Dynamical function, e.g. Breit-Wigner (BW) propagator

Angular distribution: spin formalism

Blatt-Weisskopf centrifugal barrier

factor for the D (resonance) decay vertex with radius R,

NR term(direct 3 body decay)

a0, δ0, ar, δr : Free parameters of fit



Recap

• Amplitude analysis is a key tool of hadron spectroscopy: A 

state-of-the-art way to disentangle contributions from 

individual, and even small, resonances and to extract the 

resonance's spin-parity, mass, width and decay properties 

with high sensitivity and accuracy

• Event-based fits allow one to take into account the full 

correlation between final-state particles

• Amplitude analysis remains challenging in models and 

techniques



Challenge: Computing

• PWA is time consuming
• Large amount of fits (hypothesis tests, systematics)

• Large amount of data (unbinned likelihood fit)
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Challenge: Computing

• High performance computing with GPU, pioneered by 
BESIII
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Challenge: Background

• Background modeling
𝐿𝑆+𝐵

• Background subtraction
𝐿𝑆 𝑑𝑎𝑡𝑎 − 𝐿𝑆(𝑏𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑)

• Recent progress: ML 
based multi-dimensional 
reweighting

• to obtain data-like MC for 
dominate background
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EPJ Web Conf.CHEP 2018



Challenge: Resolution
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𝐽/𝜓 → 𝜋+𝜋−𝜂′
Phys. Rev. D 96, 112012

𝜌 − 𝜔 mixing



Challenge: Dynamic models
——Experiment-theory cooperation
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Triangle singularity



Highlights: Light meson spectroscopy
• Search for glueballs and hybrids
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Overpopulated scalar mesons
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From M. Pennington

Mixing scheme：
very controversial and model dependent

f0(1500) , f0(1710), which one has more gluonic

component?



Amplitude analysis of J/ψ → γηη/KS
0KS

0
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Br of f0(1710) ~10x larger than f0(1500)



Scalar glueball candidate
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Experimental results

f0(1710) largely overlapped with scalar glueball

*with chiral suppression

PRL 98 149103



Other information
Two photon couplings Bs → J/ψf0

is selective for ss
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PLB 797 (2019) 134789

observation of f0(1500) , 

non-observation of f0(1710)

However, a scalar in γγ → π0π0

Belle PRD 78 052004

“Stickness”

PDG2018

Assignment requires further study with more sophisticated model

f0(1370)? f0(1500)?



Tensor glueball candidate
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Experimental results

BESIII J/ψ → γϕϕ

It is desirable to search for more decay modes 

f2(2010), f2(2300) and f2(2340) 

stated in p-p reactions are observed 

with a strong production of f2(2340)

Consist with central exclusion 

production in WA102



Pseudoscalar glueball

Long standing E-𝜄 puzzle
Where is the 0-+ glueball

• LQCD：0-+(2.3~2.6 GeV)
• Does 𝜂 1295 exist?
• What’s the nature of the 

outnumbered 𝜂 1405 ?

MARKIII

25

The small number of expected pseudoscalars in the quark model provide a clean 

and promising environment for the search of glueballs



f0(980) is extremely narrow:   10 MeV. 

PDG: (f0(980))  40~100 MeV. 



Anomalously large isospin violation: 

J/


(1405/1475) 

f0(980) 

p

p
p
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BESIII PRL 108 182001

Isospin-violating decay of 
η 1405 → f0 980 π0



Isospin-violating decay of 
η 1405 → f0 980 π0
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PDG2012

→No need for two pseudoscalars around 1.4 GeV

→Look for pseudoscalar glueball in higher mass region 



• Inspired by BESIII’s observation, the triangle singularity 

mechanism plays an important role in the study of threshold 

phenomena 
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a1(1420)

BESIII COMPASS@CERN

Hadronic molecules
Rev.Mod.Phys. 90 (2018), 015004

Manifestations of TS in various processes
Phys.Rev.Lett. 108 (2012) 081803

Phys.Rev. D86 (2012) 114007

Phys.Rev. D88 (2013) 014045

Phys.Rev. D87 (2013) 014023

Phys.Rev. D89 (2014), 054038

Phys.Rev. D92 (2015) 034010

Phys.Rev. D91 (2015) 094022

Phys.Rev. D92 (2015) 036003

Phys.Lett. B753 (2016) 297

Phys.Rev. D93 (2016) 114027

Phys.Rev. D95 (2017) 034015

Phys.Rev. D97 (2018) 096002

Isospin-violating decay of 
η 1405 → f0 980 π0



Structures >2 GeV

PRL 106, 072002, PRL 117, 042002  
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J/ψ→γη′π+π-

X(2370)



Landscape of light glueball has changed
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Scalar：Overpopulation

• LQCD : ground state 0+ glueball 
~1.7 GeV, first excitation ~2.1
GeV

Tensor：large uncertainty

• LQCD：2++(2.3~2.4 GeV)

Pseudoscalar：very little known 
above 2 GeV, puzzles in low mass 
region

• LQCD：0-+(2.3~2.6 GeV)

✓ Strong production of 
f0(1710)/f0(2100) in 𝐉/𝛙 →
𝛄 𝛈𝛈/𝐊𝐊/𝛑𝛑 , the pattern 
consists with LQCD’s 
prediction

✓ Strong production of 
f2(2340) in 𝐉/𝛙 → 𝛄𝛈𝛈/𝐊𝐊/
𝛑𝛑/𝛟𝛟 ； consists with 
LQCD’s prediction

✓ Trajectory：

• f1(1285), no η(1295)

• η(1405) /η(1475) can be 
one resonance

Above 2 GeV: X(2370)?



Hybrids

2.0GeV

0+- 2+-1-+

2.5Gev

Lattice QCD Predictions:

PRD 83 111502 (2011)

p1 IG(JPC)=1-(1-+)

’
1 IG(JPC)=0+(1-+) 

1 IG(JPC)=0+(1-+) 

K1 IG(JPC)= ½ (1-)

Not observed yet

GlueX@JLab

BESIII
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⚫ Lightest hybrid is with exotic JPC= 1-+

⚫ Isoscalar 1-+ is critical to establish the nonect

⚫ J/ψ → γ + X, synergies between other 

experiments with different production mechanism 

⚫ 𝜒𝑐1 decays can be another source
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Amplitude analysis of 𝜒𝑐1 → 𝜂𝜋+𝜋−

• 𝝌𝒄𝟏 provides another suitable environment to look for 1-+

• 𝝅𝟏(1600)  studied in 𝝌𝒄𝟏 decays by CLEO-c

• only 𝝅𝟏(1400) has been reported decays to 𝜼𝝅

• Properties of 𝒂𝟎 and 𝒂𝟐 still need further studies
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Most of resonances are BW’s

Dispersion integrals for

π π S-wave:  N/D approach PRD84 112009 

a0(980): PRD78,74023

• Clear evidence for a2(1700) in χc1decays

• First measurement of  𝒈𝜼′𝝅
′ ≠ 0 using 𝒂𝟎 𝟗𝟖𝟎 → 𝜼𝝅 line shape

• Measured upper limits for 𝝅𝟏(𝟏
−+) in 1.4 - 2.0 GeV/c2 region



Summary and outlook

• Light hadron spectroscopy: Map out light hadrons as 
complete/precise as possible

→ Provide critical information on the quantitative understanding of 
confinement

• Amplitude analysis is a key tool. Experiment-theory cooperation is 
important

• BESIII collected 10 billions of J/ψ and will continue to run for more 
years. Data with unprecedented statistical accuracy provides great 
opportunities to map out light meson spectroscopy and study QCD 
exotics
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Thank you
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